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Abstract: The purpose of this research is to study the effects of 

magnetohydrodynamic dusty fluid flow over stretching sheet in a porous medium. A 

mathematical model has been done to simulate a steady, incompressible, two-

dimensional MHD flow of electrically conducting dusty fluid over a stretching sheet 

in a porous medium. The partial differential equations of the model are reduced to 

ordinary differential equations by similarity transformation. The system of reduced 

ordinary differential equations is solved by bvp4c method in MATLAB software. 

The effects of the governing parameters on the velocity distribution and temperature 

distribution are demonstrated graphically while the skin friction coefficient and 

temperature gradient are also calculated and displayed in tabular form. The 

governing parameters that have been investigated are permeability parameter, 

magnetic parameter, thermal conductivity variation parameter, and slip parameter. 

The results show that each parameter will affects the velocity and temperature 

distribution differently. 
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1. Introduction 

The MHD dusty fluid flow over a stretching solid surface continuously can be considered as an 

important and inevitable process in different industrial and manufacturing applications. Salt water, 

plasmas, and liquid metals are some of the examples of such fluids. In the manufacturing and industrial 

processes, material production involves and occurs in sheets of metal and polymer [1]. For instance, the 

cooling of reactors, power generators, petroleum industry, plastic sheet aerodynamic extrusion, paper 

production, crystal growing, glass blowing, and so on. 

The production of the sheets requires that the melt emits from a crack and is stretched to obtain the 

targeted thickness. To get the targeted outcomes, the fluid mechanical properties would depend on the 

rate of stretching and the cooling liquid used. According to [2], for the cooling liquid used, the liquids 

that can transmit electric current, or we can say the liquids have the non-Newtonian characteristic are 
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chosen because the heat transfer and the flow can be adjusted through some external agency. Besides, 

the rate of stretching also plays a main role in the process. The higher the rate of stretching, the higher 

the chance of sudden solidification may happen, and this would destroy the properties of the expected 

outcomes. During the construction process of the polymer sheet, the material must in a molten phase 

when passing through the extrusion stamper. Before the polymer sheet can be collected, it should be 

taking away from the stamper and leaves it cools and solidifies. The material is found to stretch while 

cooling, and in between the region of the stamper and cooling mechanism. 

Throughout the years, there are many authors such as [3] had developed the issue of steady flow 

over a stretching solid in a viscous fluid. For example, a study of three-dimensional MHD flow and heat 

transfer over a stretching or shrinking surface in a viscoelastic fluid with different physical effects found 

that to fulfill two algebraic equations, the physical exponential type solution is demonstrated. For the 

entire physical parameters considered, unique solutions are present, and it is proven by the simultaneous 

solution. To be specific, the stretching or shrinking effect of decreasing or increasing slip factor on the 

flow and temperature fields is straightforward to expect from the present results. Many articles and 

journals have shown that porous media play a significant role in technology while on the other hand, 

the different types of technologies also vary depend on porous media [4]. Hydrology and petroleum 

engineering are the two most important technologies that depend on the characteristic of porous media. 

Hydrology is the study of water movement in earth and sand structures like water flows from water-

bearing formations to wells while petroleum engineering is mostly related to production and gas 

exploration of natural gas and petroleum. The quantities of fluid contained among the rocks, the 

permeability of fluids through the rocks, and other concerning properties are also related to petroleum 

engineering. These concerning properties rely on the rock and usually upon the distribution of character 

of the fluid happening among the rock. Since there are many applications involving the theory of fluid 

flow over stretching or shrinking sheet in porous medium, the effects of different governing parameters 

towards the process become very important. If we can investigate the effects of governing parameters, 

we can control the time and the cost of the process more efficient. 

According to [5], the effects of magnetic parameter, velocity ratio parameter, temperature index 

parameter, and Prandtl number on the fluid flow and heat transfer characteristics of the MHD stagnation 

point flow towards a stretching sheet immersed in a viscous fluid is investigated theoretically using a 

finite difference scheme known as the Keller-box method. From the numerical solutions obtained, the 

results corresponded with the exact solutions for some cases of the previous study. It is found that the 

heat transfer rate at the surface increases with the magnetic parameter when the free stream velocity 

exceeds the stretching velocity. 

The purpose of this research is to investigate the effects of governing parameters on 

magnetohydrodynamic dusty fluid flow over stretching sheet in a porous medium. The partial 

differential equations will first be transformed into ordinary differential equations. The equations are 

then solved by bvp4c method with boundary conditions in MATLAB software. The governing 

parameters that will be investigated are permeability parameter, magnetic parameter, thermal 

conductivity variation parameter, and slip parameter. 

2. Materials and Methods 

First, consider a steady, incompressible, two-dimensional MHD flow of electrically conducting 

dusty fluid over a stretching sheet in a porous medium, as in Figure 1. It is shown that the fluid flows 

in the 𝑥-direction which is normal to the 𝑦-axis. The magnetic field, 𝐵(𝑥) is applied, and it is 

perpendicular to the flow direction with a uniform strength 𝐵0. As the magnetic Reynolds number is 

small enough, the magnetic field can be neglected. 
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Figure 1: Physical diagram of the flow model 

 

The basic two-dimensional boundary layer equations subject to the above consideration are 

𝜕𝑢

𝜕𝑥
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𝜕𝑣

𝜕𝑦
= 0      𝐸𝑞. 1 

𝑢
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𝜌
      𝐸𝑞. 2 

𝜌𝐶𝑝 (𝑢
𝜕𝑇

𝜕𝑥
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𝜕𝑇

𝜕𝑦
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𝜕𝑦
(𝜅

𝜕𝑇

𝜕𝑦
) + 𝜎𝐵(𝑥)2𝑢2      𝐸𝑞. 3 

with the boundary conditions as below 

𝑦 = 0, 𝑢 = 𝑈𝑤(𝑥) = 𝑐𝑒
𝑥
𝐿 + 𝛼0

𝜕𝑢

𝜕𝑦
, 𝑣 = 𝑉𝑤(𝑥) = 𝑣0𝑒

𝑥
2𝐿 , 𝑇 = 𝑇𝑤(𝑥) = 𝑇∞ + 𝑇0𝑒

𝑥
2𝐿       𝐸𝑞. 4 

𝑦 → ∞, 𝑢 → 0, 𝑇 → 𝑇∞      𝐸𝑞. 5 

where in 𝐸𝑞. 1, 𝑢 is the velocity components along with 𝑥-direction while 𝑣 is the velocity components 

along with 𝑦-directions, 𝑘(𝑥) is the permeability of porous medium, 𝐶𝑝 is the specific heat at constant 

pressure, 𝜐 is the kinematic viscosity, 𝜌 is the density of the fluid, 𝑇 is the temperature of the fluid, 𝑇𝑤 

is the variable temperature at the sheet, 𝑇0 is the constant reference temperature, and 𝑇∞ is the constant 

free stream temperature, 𝐵(𝑥) is the magnetic parameter, 𝜅 is the thermal conductivity of the fluid, 𝛼0 

is slip parameter. Further, 𝐿 is the characteristic length, 𝑈𝑤 is the stretching velocity of the sheet, 𝑉𝑤 is 

the mass transfer velocity, where 𝑐 is a nonnegative stretching constant and 𝑣0 is a constant, where if 

𝑣0 smaller than 0, it corresponds to mass suction. 

2.1 Similarity transformation 

Next, we introduce the stream function 𝛹(𝑥, 𝑦) and 

𝑢 =
𝜕𝛹

𝜕𝑦
, 𝑣 = −

𝜕𝛹

𝜕𝑥
      𝐸𝑞. 6 

So, referring to [6], the 𝐸𝑞. 1 is similarly fulfilled and the similarity transformations are described 

as 

Slit 

𝐵(𝑥) 

Porous Medium 

Non-linear stretching sheet 

v 

u 

Boundary layers 
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𝛹 = 𝑒
𝑥

2𝐿√2𝑣𝐿𝑐(𝑓(𝜂)), 𝜂 = 𝑦𝑒
𝑥

2𝐿√
𝑐

2𝑣𝐿
, 𝜃 =

𝑇 − 𝑇∞

𝑇𝑤 − 𝑇∞
     𝐸𝑞. 7 

By using 𝐸𝑞. 6 and 𝐸𝑞. 7, we get the expressions of velocity components in non-dimensional form 

as 

𝑢 = 𝑐𝑒
𝑥
𝐿(𝑓′(𝜂)), 𝑣 = −𝑒

𝑥
2𝐿√

 𝑐𝑣

2𝐿
(𝜂𝑓′(𝜂) + 𝑓(𝜂))    𝐸𝑞. 8 

We suppose that the permeability of the porous medium, 𝑘 defined as below, to get the similarity 

solutions 

𝑘(𝑥) = 2𝑘0𝑒− 
𝑥
𝐿      𝐸𝑞. 9 

where 𝑘0 is reference permeability. 

We also know that the magnetic parameter takes the following form, 

𝐵(𝑥) = 𝐵0𝑒
𝑥

2𝐿      𝐸𝑞. 10 

We can also define the slip parameter as 

𝛼 = 𝛼0𝑒
𝑥

2𝐿      𝐸𝑞. 11 

Following the fluid’s thermal conductivity is supposed to change with temperature in a linear form 

𝜅 = 𝜅∞(1 + 𝜀𝜃)     𝐸𝑞. 12 

where 𝜀 is the thermal conductivity variation parameter. In general, 𝜀 is below 0 for fluids like 

lubrication oils, while 𝜀 is above 0 for fluids like water and air. It is further supposed that the temperature 

difference within the fluid is small enough so that 𝑇4 can be expressed as a linear function of 

temperature 𝑇. This is done by expanding 𝑇4 in a Taylor series about 𝑇∞ and omitting higher-order 

term to yield 

𝑇4 ≅ 4𝑇∞
3 𝑇 − 3𝑇∞

4       𝐸𝑞. 13 

By substitute 𝐸𝑞. 8 to 𝐸𝑞. 13 into 𝐸𝑞. 2 to 𝐸𝑞. 5, the momentum equation and energy equation will 

become ordinary differential equations as below 

𝑓′′′ + 𝑓𝑓′′ − 2𝑓′2
−

𝑓′

𝐾
− 𝑀2𝑓′ = 0      𝐸𝑞. 14 

𝜃′′ + 𝜀𝜃𝜃′′ + 𝜀𝜃′2
+ 𝑃𝑟𝑓𝜃′ + 𝑀2𝐵𝑟𝑓′2

= 0      𝐸𝑞. 15 

with boundary conditions 

𝜂 → 0: 𝑓 ′(𝜂) = 1 + 𝛼𝑓′′, 𝑓(𝜂) = 0, 𝜃(𝜂) = 1      𝐸𝑞. 16 

𝜂 → ∞: 𝑓′′(𝜂) → 0, 𝜃(𝜂) → 0      𝐸𝑞. 17 

where 

𝐾 =
𝑐𝑘0

𝐿𝜐
, 𝑀2 =

2𝜎𝐵0
2𝐿

𝜌𝑐
, 𝑃𝑟 =

𝜇𝐶𝑝

𝜅∞
, 𝐵𝑟 =

𝜇𝐶𝑝

𝜅∞
∙

𝑈2

𝑐𝑝(𝑇𝑤 − 𝑇∞)
 

represent the permeability parameter, magnetic parameter, Prandtl number, and Brinkmann number, 

respectively. 
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2.2 Bvp4c 

To find the numerical solutions of 𝐸𝑞. 14 and 𝐸𝑞. 15 which subject to the boundary conditions 

𝐸𝑞. 16 to 𝐸𝑞. 17 by using the MATLAB built-in function bvp4c. The description and details of the 

method can refer to [7]. When using MATLAB to solve the functions, we define the value of infinity 

in boundary condition as equal to 5 and change the values of each governing parameters with different 

values to investigate the variation of each parameter. We then define the variables of each order of 𝑓 

and 𝜃 equations as 

𝑦1 = 𝑓, 

𝑦2 = 𝑓′, 

𝑦3 = 𝑓′′, 

𝑦4 = 𝜃, 

                                                                                       𝑦5 = 𝜃′,                   𝐸𝑞. 18 

 

while the system of first-order equations is defined as: 

𝑦′1 = 𝑓′ = 𝑦2,  

𝑦′2 = 𝑓′′ = 𝑦3, 

𝑦′3 = 𝑓′′′ = 2(𝑦2)2 − 𝑦1𝑦3 +
𝑦2

𝐾
+ 𝑀2(𝑦2), 

𝑦′4 = 𝜃′ = 𝑦5, 

                                              𝑦′5 = 𝜃′′ =
𝑃𝑟(𝑦2𝑦4−𝑦1𝑦5)−𝜀(𝑦5)2−𝑀2𝐵𝑟(𝑦2)2

1+𝜀(𝑦4)
,          𝐸𝑞. 19 

 

and boundary conditions are defined as: 

𝑦0(1) = 0, 

𝑦0(2) − 1 − 𝛼𝑦0(3) = 0, 

𝑦0(4) − 1 = 0, 

𝑦𝐼𝑛𝑓(2) = 0, 

                                                                  𝑦𝐼𝑛𝑓(4) = 0                                        𝐸𝑞. 20 

 

3. Results and Discussion 

In this section, the focus is to analyze the effects of various governing parameters on the velocity 

and temperature. The results of the study are described and displayed in graphical as well as tabular 

form. With the help of MATLAB, the admissible values for different parameters are used to investigate 

the effects of each parameter to the velocity and temperature of the process of MHD dusty fluid flow 

over stretching sheet in porous medium. 

In Table 1, when the values of the permeability parameter, 𝐾 increase resultantly, the skin friction 

coefficient will be decreased. However, increase in the temperature gradient is observed. Besides, one 

can observe that the skin friction coefficient increases and the temperature gradient decreases with the 

increasing value of magnetic parameter, 𝑀2. Besides, the skin friction coefficient increases with respect 
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to the increase of thermal conductivity variation parameter, 𝜀 whereas the effect on temperature gradient 

is the opposite. 

 

Table 1: Results for 𝒇(𝟎), −𝒇 ′′(𝟎) and −𝜽′(𝟎) obtained by different values of parameter 𝑲, 𝑴𝟐 and 𝜺 

with 𝑷𝒓 = 𝟔, 𝑩𝒓 = 𝟏, and 𝜶 = 𝟏 

𝐾 𝑀2 𝜀 𝑓(0) −𝑓′′(0) −𝜃′(0) 

1 2 0.1 0 0.6541 0.8089 

2 − − 0 0.6379 0.8327 

10 − − 0 0.6228 0.8500 

100 − − 0 0.6192 0.8536 

10 2 0.1 0 0.6228 0.8500 

− 4 − 0 0.6827 0.5527 

− 6 − 0 0.7193 0.3842 

− 8 − 0 0.7449 0.2781 

10 2 0.1 0 0.622838643526222 0.8500 

− − 0.3 0 0.622838643526293 0.6037 

− − 0.5 0 0.622838643526299 0.4781 

− − 0.9 0 0.622838643526369 0.3530 

 

3.1 Effects of permeability parameter 

  

Figure 2: Velocity profile for different 𝑲 
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Figure 3: Temperature profile for different 𝑲 

The variation of velocity and temperature for different values of 𝐾 can be observed by fixing the 

other parameters, where 𝑀2 = 2, 𝑃𝑟 = 6, 𝐵𝑟 = 1, 𝜀 = 0.1, and 𝛼 = 1 in 𝐸𝑞. 14 to 𝐸𝑞. 17. The results 

are shown in Figure 2 and Figure 3, respectively. From Figure 2, it is observed that when the value of 

𝐾 increases (1 ≤ 𝐾 ≤ 100), the velocity profile also increases. However, the decreasing in temperature 

profile is observed in Figure 3. Permeability parameter characterises the strength of permeability of the 

porous medium. Physically, in a porous medium, we can ignore the resistance of the porosity medium 

when the holes are large enough. So, the resistance to the fluid is increased with the presence of the 

permeable surface will cause the increasing in velocity profile. 

3.2 Effects of magnetic parameter 

 

Figure 4: Velocity profile for different 𝑴𝟐 
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Figure 5: Temperature profile for different 𝑴𝟐 

 

Figure 4 and Figure 5 show the trends of velocity and temperature when the magnetic parameter, 

𝑀2 increases. The other parameters are fixed as 𝐾 = 10, 𝑃𝑟 = 6, 𝐵𝑟 = 1, 𝜀 = 0.1, and 𝛼 = 1 in 𝐸𝑞. 14 

to 𝐸𝑞. 17. In Figure 4, it shows that the velocity profile decreases due to the increasing of the value of 

𝑀2 (2 ≤ 𝑀2 ≤ 8) while the temperature profile increasing trend is shown in Figure 5. It is described 

that the presence of magnetic field in an electrically conducting fluid will produce Lorentz force. The 

Lorentz force is the force on a charged particle due to electric and magnetic fields. Lorentz force acts 

reversely in the direction of the flow if the magnetic field is enforced in the perpendicular direction 

which slows down the fluid velocity. This situation will produce the resistance to the flow, and it will 

produce heat that increase the temperature during the process. [8] 

 

3.3 Effects of thermal conductivity variation parameter 

 

Figure 6: Velocity profile for different 𝜺 
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Figure 7: Temperature profile for different 𝜺 

By increasing the value of thermal conductivity variation parameter, 𝜀, the effects of thermal 

conductivity to the velocity and temperature can be investigated and are shown in Figure 6 and Figure 

7. The other parameters are fixed as 𝐾 = 10, 𝑀2 = 2, 𝑃𝑟 = 10, 𝐵𝑟 = 1, and 𝛼 = 1 in 𝐸𝑞. 14 to 𝐸𝑞. 17. 

In Figure 6, the graph shows that when the value of 𝜀 is increasing (0.1 ≤ 𝜀 ≤ 0.9), the decreases of 

the velocity profile are extremely small. This is because that there is no variable 𝜀 in 𝐸𝑞. 14 which 

means that the effect of thermal conductivity variation parameter on the velocity profile can be 

neglected.  However, the effect on temperature profile is opposite in Figure 7. The materials of low 

thermal conductivity will have the lower rate of heat transfer compared to the material of high thermal 

conductivity which means that the higher the thermal conductivity, the higher the temperature. 

3.4 Effects of slip parameter 

 

Figure 8: Velocity profile for different 𝜶 
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Figure 9: Temperature profile for different 𝜶 

 

Lastly, the effects of slip parameter to the velocity and temperature are presented in Figure 8 and 

Figure 9 by fixing 𝐾 = 10, 𝑀2 = 2, 𝑃𝑟 = 6, 𝐵𝑟 = 1, and 𝜀 = 0.1 in 𝐸𝑞. 14 to 𝐸𝑞. 17 while the value 

of slip parameter increases. In Figure 8, the trend of velocity profile is decreasing when the value of 

slip parameter is increasing (0.4 ≤ 𝛼 ≤ 1) while the trend of temperature profile is increasing shown 

in Figure 9. In the fluid dynamics, the fluid will have no velocity relative to the boundary when the no-

slip boundary condition for viscous fluids is assumed at the solid boundary. However, this assumption 

is not realistic in the real situations. So, a partial slip condition will replace the no-slip boundary 

condition at the boundary layer and the effects are shown in this study. When the slip parameter 

increases, the thermal boundary layer thickness will become thinner due to the temperature field is 

suppressed. Therefore, the rate of heat transfer from the sheet increases. 

4. Conclusion 

The steady, incompressible, two-dimensional MHD flow of electrically conducting dusty fluid over 

a stretching sheet in a porous medium is analyzed under the velocity and temperature effects by using 

similarity transformation and corresponding boundary conditions. The system of nonlinear ODEs is 

processed by using bvp4c method with the help of MATLAB software. This method is used due to its 

simplicity to process and also is considered effective. The governing parameters is investigated and the 

results of this study are presented in both table and graph. The summarized of the observations are as 

follows: 

(i) The increasing in the value of permeability parameter, 𝐾 will cause the increases of momentum 

boundary layer and decreases of thermal boundary layer. 

(ii) The increasing in the value of magnetic parameter, 𝑀2 will cause the decreases of momentum 

boundary layer and increases of thermal boundary layer. 

(iii) The increasing in the value of thermal conductivity variation parameter, 𝜀 will cause the 

decreases of momentum boundary layer and increases of thermal boundary layer. 

(iv) The increasing in the value of slip parameter, 𝛼 will cause the decreases of momentum 

boundary layer and the increases of thermal boundary layer. 
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