Enhanced Knowledge in Sciences and Technology Vol. 1 No. 2 (2021) 88-97
© Universiti Tun Hussein Onn Malaysia Publisher’s Office

~ 2 EKST

Homepage: http://publisher.uthm.edu.my/periodicals/index.php/ekst
e-ISSN : 2773-6385

Nonlinear Wave Modulation In Prestressed
Elastic Tube Filled With Viscous Fluid

Noor Najwa Husna Othman?, Choy Yaan Yee!”

!Department of Mathematics and Statistics, Faculty of Applied Sciences and
Technology,
Universiti Tun Hussein Onn Malaysia, Johor, MALAYSIA

*Corresponding Author Designation

DOI: https://doi.org/10.30880/ekst.2021.01.02.011
Received 20 May 2021; Accepted 11 July 2021; Available online 29 July 2021

Abstract: From the previous studies, researchers were concerned about wave
propagation in the artery. The research of wave modulation in the artery are somewhat
limited since mathematical modelling is challenging to perform. The aim of this study
is to investigate nonlinear wave modulation in a prestressed elastic tube filled with
viscous fluid. In this research, the artery is assumed as thin-walled, long, and
circularly cylindrical, the prestressed elastic tube with variable cross-section. Blood
is considered an incompressible viscous fluid. For the reductive perturbation method
(RPM), the stretched coordinates and asymptotic series were introduced in the
dimensionless equations of tube and fluid. The RPM is applied to obtain a set of
various orders of differential equations. The nonlinear Schrodinger (NLS) equation
with variable coefficients is obtained by solving these differential equations as the
nonlinear evolution equation in the corresponding mathematical model. The NLS
equation with variable coefficients will be solved analytically. MATLAB’s graphical
output shows that the wave speed increases when the viscosity of fluid increases. This
happened due to the resistance of the blood flow indicates which results in the reaction
of the wave speed. Increasing in wave number leads to decreasing in wavelength.
Other than that, the wave travels further in the expanding tube than the narrowing
tube. Furthermore, the wave amplitude effected by the cross-section area of the tube.
Waves with greater amplitude comes from a high disturbance of energy. For future
study, it is suggested to explore in wave modulation. There are few suggestions which
are nonlinear wave modulation of heterogenous fluid flow in thin elastic tube with
variable cross-sectional area, nonlinear wave modulation of Newtonian fluid flow in
thin viscoelastic tube with variable cross-sectional area and nonlinear wave
modulation of viscous fluid flow in thin stenosed viscoelastic tube.
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1 Introduction

In general, the human body consists of many biological systems to do a specific function to breathe
and move. For instance, there are respiratory system, circulatory system, skeletal system, and digestive
system. Ref. [1] stated that the circulatory system aids in blood circulation, which means it helps
transport oxygen and nutrients to tissues in the body. Blood vessels in the body vary in size according
to their functions. According to [2], the smallest blood vessels are capillaries, which only Sum. It is
only one cell thick that optimizes the diffusion of oxygen into the tissues. Many researchers have studied
the wave modulation of fluid flow in an elastic tube such as [3], [4], [5] and [6]. In this research, blood
is treated as an incompressible viscous fluid and the artery is a thin-walled, long, and prestressed elastic
tube.

2 Equations of the tube and fluid

This section explains the equations of an incompressible viscous fluid-filled prestressed elastic tube.
The equation of fluid is given as follow [3]

ow” ow* 10P* _[8w* d%w* (1)
+w* +———U|—+—=]=0,
ot* dz*  psot* r# o ot?
Where, 77 = 15 + f* + u”is the final radius after deformation occurred.
ou” ou” ow”*
6t*+ W[f +az*]+(r0+f +u)a* 0,

where w* is the mean of fluid speed, t* is time. z* is a coordinate that located on axis when the
changes of radius maintain its value, f*(z*) is the function of a variable radius, ps the mass density, P*

is the mean of fluid pressure, ¥ is the viscosity for fluid flow, u* is the function of displacement of the
radius, and ro is the initial radius in the coordinate system.

The equation of motion of elastic tube in the radial direction could be written as follows [3]:
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R, is the radius of the tube, X is the strain energy density function membrane, u is the shear modulus
of the material of the tube, 4, represents the axial stretch of the tube, 4, is the circumference of curves,
P is a force where it is developed from the reaction of the fluid, H is the thickness of the tube, and p,is

the tube's mass density. Both equations of tube and fluid using the function, u and depends on the same
fast, and slow variables. Fast variables are t and z while slow variables are £ and z.

The following non-dimensional quantities are introduced at this stage [3]:
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By applying Eq. (4) into Eqg. (1), (2) and (3) yield
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where, Ag is the stretch ratio in the circumferential direction.

3 Nonlinear Wave Modulation

In this section, to study the non-linear wave modulation in a viscous fluid contained in a thin elastic
tube with the variable cross-sectional area, the reductive perturbation method (RPM) is applied. Based
on the boundary-value problem, the following type of stretched coordinates are introduced [3]:

E=¢e(z—At), T=¢?z (6)

where & is the wave profile and z is the space. ¢ indicates the nonlinearity measurer's weakness with
a small value and 4 is the scale constant to be determined from the solution.

Since this study has a variable cross-section of tube, the order of & should be first-order, (&), where
h(e, T) = eh(7) [3]. The differential relations can be expressed as [3]:
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The field quantities u, w and p are assumed can be expressed as asymptotic series in the following
form [3]:
u = euy + euy + 3ug + -

w=ew; + 2w, + 3wy + -

P =po+eps+eipy+e¥pst (8)
where u, w, and p are the functions of fast variables and slow variables.
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By solving Eq. (5), the various order equations obtained are shown as following

0(¢) order equation:
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Where ay, a4, @5, Bo, ..., B3 and y, are defined by
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Solving the Eq. (9), (10) and (11) give the following partial differential equation (PDE), which is
the nonlinear Schrodinger (NLS) equation with variable coefficient
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Where U is unknown function, and u4, u,, ..., 4 are the variable coefficients shown as the following:
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where k is number of wave, w is the angular frequency, v is the fluid viscosity and
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4 Results and Discussion

In the previous section, the coefficient u; describes the dissipation resulting from the viscosity of
the fluid, coefficients us, wa, us and us contribute the variable radius of the tube. Therefore, proposed
solution of the NLS equation with variable coefficients of the following term:
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where a(t),V({), a(1), (1), (1) and Q(t) are the given as following
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Introducing functions ¢ (7), ¢(t) and Q(t) into equation Eq. (13), it gives
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with ¢ and n are defined as
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The carrier wave speed of the NLS equation with variable coefficients which obtained from
Eqg. (16). is given by

p=2

P a7
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The graphical outputs for radial displacement, the viscous effect of fluid, wave number, and wave
speed are illustrated using MATLAB. In this research, the numerical value of o is 1.948 [7]. Other than
that, the axial stretch, /1, and 1 are assumed as 0.8 and 1.2, respectively.
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Figure 1: The solution of NLS equation with variable coefficients versus space, T at v = 0.05, for (a)

narrowing tube and (b) expanding tube respectively.
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Figure 2: The solution of NLS equation with variable coefficients versus space, T for narrowing tube at

different fluid viscosity, (a) v =0.1 and (b) v = 0.25.
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Wave Speed for Narrowing Tube
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Figure 3: The wave speed, V of the NLS equation with variable coefficients at different fluid viscosity, v
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Figure 4: The solution of NLS equation with variable coefficients at v = 0.05 using different wave number,
@K=1()K=2(c)K=3.

The radial displacement in Figure 1 (a) is decreasing when A = —0.05. However, the radial
displacement in Figure 1 (b) is increasing when A = —0.05. Here, A < 0 represents the narrowing tube
and A > 0 is the expanding tube. The decreasing of radial displacement is due to the presence of a
dissipative term. The dissipative term appears when the blood is considered as an incompressible
viscous fluid flow in the artery. Hence, the resistance for blood flows in the artery due to the presence
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of viscosity, v = 0.05. From Figure 2, the radial displacement increases due to an increase in fluid
viscosity. This happened because of higher flow resistance.

Figure 3 shows that due to the fact when blood passes through the narrowing artery, the wave speed
increased since the circumference of the artery is reduced, and the viscous effect of fluid is increased.
Due to the viscous effect of fluid, the wave speed must be increasing in order to maintain an adequate
flow of blood.

By comparing the graphs in Figure 4, changes of the bell-shaped graph are shown. The results show
the wavelength for the solution of the NLS equation with variable coefficients throughout the narrowing
tube are decreasing when the wave number increases. In addition, increasing wave number leads to
decreasing in radial displacement and speed of travelling wave.

5 Conclusion

This study focused on nonlinear wave modulation of viscous fluid flow in the prestressed elastic
tube with variable cross-section area. These dimensional equations of tube and fluid are converted into
non-dimensionalized equations by introducing the non-dimensionalized quantities. Next, the RPM is
employed in the dimensionless equations of tube and fluid to obtain various orders of the differential
equations. The RPM covered the stretched coordinates and asymptotic series used. After that, the
differential equations will be solved to get the nonlinear evolution equation, the NLS equation with
variable coefficients. Then, the progressive wave solution is implemented in the NLS equation with
variable coefficients to achieve the analytical solution for the NLS equation with variable coefficients.
The graphical output generated by MATLAB discussed the effects of analytical solution on radial
displacement, the viscous effect of fluid, wave number, and wave speed.

From the results, it shows that the wave in narrowing tube maintained its shape, and the amplitude
was affected by the wave viscosity. In the expanding tube, the wave separates into two waves. This
happened due to wave disruption. In an expanding tube, the wave travels longer than a wave in a
narrowing tube. Other than that, the wavelength, radial displacement, and speed of travelling wave will
be decreasing when the wave number increasing. The higher velocity of the wave, the higher the radial
displacement. The wave speed is also affected by the fluid viscosity. This is because the high fluid
viscosity has high resistance will make the fluid flows slower.
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