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Available online: 19 December 2025  are to verify the governing equations, to generate a numerical solution
and to analyse the problem. Using similarity transformations, the
governing partial differential equations (PDEs) for heat transfer and
fluid flow are converted into ordinary differential equations (ODEs).
Heat Transfer, Stretching/Shrinking,  The MATLAB's bvp4c solver is used to obtain a numerical solution to
Convective Boundary Condition, the generated ODEs. An analysis is done on how the
Shooting Method, bvp4c Solver stretching/shrinking parameter, convective parameter, and Prandtl
number affected the thermal boundary layer. The findings indicate that
the local Nusselt number increases as the shrinking parameter
increases. The opposite behaviour happens for the stretching
parameter. As for the convective parameter, it reduced the thermal
boundary layer thickness and enhanced heat transfer performance
when it increased significantly. Besides, increasing the Prandtl number
enhanced heat transfer for both stretching and shrinking cases.
Additionally, the study compared the results with previous research to
confirm the validity of the findings.
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1. Introduction

Heat transfer over a stretching or shrinking surface is a critical field of study in fluid mechanics and thermal
sciences because of its numerous commercial uses, such as polymer extrusion, glass fibre manufacture, and
continuous sheet cooling. These processes often involve complex thermal interactions influenced by surface
conditions, fluid properties, and heat transfer mechanisms, necessitating advanced mathematical modelling and
computational techniques for accurate analysis and optimization.

Numerous studies have been conducted on the subject of heat transmission across a stretching or contracting
surface while considering different physical properties such as magnetic fields, porosity, and slip velocity.
Researchers such as [1] and [2] investigated the influence of thermal radiation, viscous dissipation, and magnetic
fields on heat transfer in nanofluids and viscoelastic fluids. In order to get better understanding of solution
stability and boundary layer behaviour, [3] and [4] investigated dual solutions for fluid flow and heat transfer
over permeable and nonlinear stretching/shrinking surfaces.

Analysing boundary layer flows requires the use of convective boundary conditions, which define the heat
exchange between a fluid and a surface. These conditions have been studied extensively in contexts involving
nanofluids, thermal radiation, and viscous dissipation. [5] used the shooting method to solve the governing
equations for his analysis of heat transport over a stretching/shrinking sheet under external uniform shear flow.
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Their work, while foundational, revealed limitations such as convergence challenges and sensitivity to initial
approximations when addressing complex boundary conditions or multiple solutions. Subsequent studies,
including those by [6] and [7], expanded on these findings by investigating the impact of factors such as Brownian
motion, Biot number, and Lorentz forces.

The development and application of numerical methods for boundary value problems (BVPs) have been
pivotal in advancing the understanding of heat transfer phenomena. Techniques such as the Runge-Kutta Fehlberg
algorithm, Chebyshev pseudospectral methods, and non-polynomial spline approaches have enabled the accurate
solution of nonlinear ordinary differential equations derived from governing equations. [5] employed the shooting
method to transform BVPs into initial value problems (IVPs), while [8] utilized the Chebyshev pseudospectral
differentiation matrix for analytical and numerical solutions. Recent advancements, including the work of [9] and
[10], have introduced innovative numerical methods to handle three-dimensional and eigenvalue problems,
further enriching the field.

Among these numerical techniques, the bvp4c solver in MATLAB has emerged as a robust tool for solving
BVPs. This finite difference-based solver, featuring adaptive mesh refinement and collocation methods, has been
utilized in recent studies to address various heat transfer and flow problems, offering enhanced stability and
computational efficiency. [11] and [12] applied bvp4c to solve nonlinear systems, revealing its effectiveness in
capturing velocity, temperature, and concentration profiles. [13] and [14] demonstrated its ability to handle
transformed ODEs from similarity transformations, yielding comprehensive graphical and numerical data.

Despite these advancements, there remains a need for comparative analyses to evaluate the effectiveness of
numerical solvers in solving complex heat transfer problems under convective boundary conditions. In order to
fill this gap, this work uses the bvp4c solver to examine the heat transfer properties as a boundary layer flows
over a stretching/shrinking surface. Building on the work of [5], the present study aims to validate the conversion
using similarity transformations to use the bvp4c solver to transform partial differential equations (PDEs) to
ordinary differential equations (ODEs) and compare the numerical solutions with results from traditional
shooting methods. By doing this, this study aims to analyse the benefits of current numerical techniques for
solving BVPs in thermal sciences and offer better comprehension of the behaviour of heat transfer processes.

Nomenclature
k Thermal conductivity of the fluid
L Characteristic length of the sheet

q, Surface heat flux

Convective fluid temperature below the

T moving sheet
T, Surface temperature
_ Ambient temperature
U The reference stretching/shrinking

w  velocity of the sheet

Greek Symbols
k Thermal diffusivity
n Similarity variable
o Dimensionless fluid temperature
7] Dynamic viscosity
v Kinematic viscosity
yel Fluid density
Subscripts
f Base fluid
h, Convective heat transfer coefficient
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2. Research Methodology

Ly =y =Py
r=Tr,
Incoming
shear flow
u=u/y)
=T,
—p
O —»
u=u,(x)

Fig. 1 Physical model and coordinate system [5]

Consider a two-dimensional steady boundary layer shear flow over a stretching/shrinking sheet at ambient

1
temperature 7' __as shown in Fig. 1. Assume the velocity of the stretching/shrinking sheetis u ,(x) =U W(%)3

1
, while the velocity of the free stream is u,(y)=U, (%)3 where x and y are Cartesian coordinates measured

along the sheet and normal to it, respectively, L is the reference length, U/ 18 the reference stretching/shrinking

velocity of the sheet, and f is the constant strain rate.
By referring to [5], the governing equation under the boundary layer approximations are:

&4‘@:0, (1)
ua—u+va—u=v@
x VT o (2)
o o1 AT
U—+V—=a", (3)
ox oy oy

subject to the boundary conditions that can be expressed as:

v:O,u:uW(x)zu[EJ3 at y=0. (4)

u=u,(y)=pgy as ¥y

where u and v represent velocity components along the x and y axes respectively, T is the fluid temperature, a is
the thermal diffusivity, and v is the kinematic viscosity.
Following [5] the similarity transformation variables are as follows.

(2] o1 ()

©

y
o (5)
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oy

. . . 0
where yr is the stream function, with u =—= and v= ¥

ox
By using similarity transformation variables [5], the equations (1) - (4) become

3fF"+2ffF"— f2=0 (6)
3 . .
= 0"+2f0'=0 (7)
Pr

where Pr is Prandtl number with corresponding boundary conditions as below
f(0)=0,f'(0)=2,0'=-y[1-0(0)] (8)

f'(7)=1n.6(n)—>0as >

The skin friction coefficient (Cf ) and the local Nusselt number ( Nu, ) are the physical quantity of interest in

this study that can be written as follows [5] :

T, ; au
C. = W with T — ==
" pu, " #[@]yo )
Xq ; oT
Nu, = ——w _ with q —_k [_j
k(T, -T.) EYD (10)
Substitute (9) and (10) to get equation (11) below,
1
%Cf Re, = f"(O), Nu, Re, 3 =—H'(0) (11)

1 2
2 3
where Re? = (éj is the local Reynold Number and # is a dimensionless parameter, defined as f#= pOV.

3. Results and Discussion

The local Nusselt number, —9'(0) for different stretching/shrinking parameters A and Prandtl numbers (Pr) for
the convective parameter » =1 is shown in Table 1. There are only slight variations in the comparison, which
shows good agreement.

Table 1 indicates that the Nusselt number is rising as the stretching parameter A rises for the stretching
scenario (ﬂ >0) . For example, the Nusselt number is 0.4315 [5] against 0.4254 (present results) at 1=1 and
Pr =1, and it increases to 0.5129 and 0.5062, respectively, at A =3. The increased temperature is explained by
a thinner thermal boundary layer caused by stronger strain, which improves heat transfer at the surface. Greater

Nusselt numbers are also a result of greater Prandtl numbers. The Nusselt number for Pr=17 at A=1, for
instance, is 0.4897 [5] and 0.4842 (present results), highlighting the importance of fluid characteristics in
improving heat transport.

The opposite pattern is observed in the shrinking case (/1 < 0) , where the Nusselt number falls as 4 gets more
negative. For example, the Nusselt numbers are 0.3372 [5] and 0.3392 (present data) for A=—0.1 and Pr=1,

respectively, but they drastically decrease to 0.2077 and 0.2623 at A=-0.6. The thickening of the thermal
boundary layer in decreasing flows reduces the efficiency of heat transfer. However, Nusselt numbers are slightly
higher than greater Prandtl numbers, just like in the stretching scenario.
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Table 1 Values of the local Nusselt number —6' (0) for different values of stretching/shrinking parameter

A and Prandtl number Pr when the convective parameter =1

Pr
0.72 1 1.5 1.7
Presen Presen Presen Presen
A e e e W T @ e
Stretching case -6'(0)
1 0.3971 0.3906 0.4315 0.4254 0.4757 0.4701 0.4897 0.4842
1.5 0.4206 0.4133 0.4577 0.4510 0.5048 0.4989 0.5196 0.5139
2 0.4401 0.4325 0.4791 0.4722 0.5282 0.5224 0.5435 0.5380
2.5 0.4568 0.4490 0.4972 0.4904 0.5477 0.5421 0.5633 0.5580
3 0.4714 0.4636 0.5129 0.5062 0.5644 0.5590 0.5802 0.5751
Shrinking case -0'(0)
-0.1 03145 03165 03372 03392 03661 03681 03751  0.3772
-0.2 0.3021 0.3066 0.3227 0.3273 0.3486 0.3535 0.3566 0.3616
-0.3 0.2876 0.2957 0.3057 0.3142 0.3279 0.3371 0.3347 0.3441
-0.5 0.2466 0.2696 0.2571 0.2824 0.2680 0.2970 0.2706 0.3010
-0.6 0.2051 0.2533 0.2077 0.2623 0.2062 0.2712 0.2044 0.2732

Fig. 2 displays the temperature profiles 9'(77) for a range of Prandtl numbers for 4 =0.2 and y =1. As the
Prandtl number increases in both situations, the temperature profiles drop more quickly, suggesting thata thinner
thermal boundary layer is caused by improved conduction in higher Pr fluids. Temperature profiles 9(77) for

various stretching parameters of A(> 0) for Pr=1 and » =1are displayed in Fig. 3. The temperature decreases

more quickly along the 7 —axis as A increases, as shown in the figure. This suggests a thinner thermal barrier
layer and better heat transfer.

The temperature profiles () for different values of the shrinking parameter A(< 0) withPr=1and » =1
are shown in Fig. 4. The figure demonstrates that the temperature profiles decay more slowly as A drops from
-0.1 to -0.6, indicating less heat movement close to the surface and a stronger thermal barrier layer. The shrinking

effect, which lowers the convection strength and raises thermal resistance, is responsible for the slower
temperature decrease.

The temperature profiles 9(77) for different values of the convective parameter » when, Pr=1, and A =1
are shown in Fig. 5. The temperature profiles exhibit a faster decrease along the 77 —axis as } rises from 0.1 to

100. This behaviour implies that a higher convective parameter improves heat transfer while decreasing the
thickness of the thermal boundary layer. In particular, the temperature distribution is more gradual for smaller
values of 7 , indicating weaker convection close to the surface. However, the temperature lowers dramatically if

7 increases significantly, suggesting longer convective heat transfer effects.
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Fig. 2 Temperature profiles €(77) for some values of Pr when 4 =0.2 and y =1
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Fig. 3 Temperature profiles &(77) for some values of A(>0) when Pr=0.7 and y =1
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Fig. 4 Temperature profiles &(77) for some values of 1(<0) when Pr=0.7 and y =1
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Fig. 5 Temperature profiles #(77) for some values of ¥ when Pr=0.7 and 1=1

4. Conclusion

Heat transfer over a stretching/shrinking surface with a convective boundary condition has been successfully

investigated in this work and achieved its objectives. The first objective is to use similarity transformations to

verify the conversion from partial differential equations to ordinary differential equations has been accomplished.

Second, the numerical solution has been generated by using shooting method with bvp4c solver in MATLAB

software. Third, a comparison and analysing the effect on temperature profile with various parameters such as

stretching/shrinking parameters, Prandtl number, and the convective parameter has been discussed as follows:
e  Asfor the stretching case (l > 0) , the results demonstrated that the local Nusselt number increases as 4

increases.

e Different with the shrinking case (4<0) , the results demonstrated that the local Nusselt number
decreased as A decrease.

e Anincrease in the Prandtl number enhanced heat transfer for both stretching and shrinking cases.

e Increasing the convective parameter, } significantly reduced the thermal boundary layer thickness and
enhanced heat transfer performance.

Then, the results of this study are compared with those of [5] to validate the findings, showing a strong
agreement between the two.
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