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Accepted: 3 June 2024 initial conditions have been solved using differential transform method
Available online: 27 July 2024 (DTM). Maple 2023 was employed to obtain approximate solutions,

highlighting DTM's efficiency in reducing computational efforts and
saving time. Comparative analyses with Adomian decomposition

Keywords method (ADM) and fourth-order Runge-Kutta method (RK4) were
Differential Transform Method, conducted to evaluate DTM's accuracy. The results suggest that DTM's
System of Ordinary Differential efficacy depends on equation characteristics and the number of terms
Equation. used. A limited number of DTM terms are recommended for

satisfactory approximations. DTM successfully solved one example,
underscoring its simplicity and efficiency in handling differential
problems with minimal computational workload.

1. Introduction

The differential transform method (DTM) is a useful tool developed by Zhou (1986) for estimating solutions to
different types of equations. It has successfully solved problems involving both linear and nonlinear variables [1],
providing a systematic and straightforward way to find approximations without using complicated numerical
methods. DTM is versatile, applicable to various equations such as ordinary differential equations (ODEs), partial
differential equations, and more. It stands out for its fast convergence rate and low computation error, making it
effective for higher-order nonlinear equations and both initial and boundary value problems [2].

Hence, this method of transformation serves as an alternative approach for deriving analytical solutions to
differential equations. In this investigation, we applied the DTM to assess its efficacy in solving ODE systems
through various examples. The primary objective of this research is to employ DTM for approximating solutions
to ODE systems, requiring comparatively less computational effort than other numerical methods. DTM stands
out by providing heightened accuracy and precision, making it adept at solving ODE systems and approximating
exact solutions.

Linear ODEs are generally simple to solve, and their solutions can be discovered using a variety of methods
such as variable separation, Laplace transforms, and Fourier series. Previously, [3] solved the system by using RK4
and ADM. In addition, DTM offers an approximate solution with a fast convergence rate and a small computation
error while solving differential equations problem. It can handle higher order non-linear differential equation,
either initial value or boundary value problems [4].
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The general form for linear system of ODEs is defined as follows:
X = f (L%, X X,)
%= ) "

X = (1%, %y, X,)

The f,, f,,---, f, and the n functions are assumed to be known.

In conclusion, DTM proves to be a reliable method for solving systems of ordinary differential equations,
offering a valuable alternative that reduces workload and potential errors during calculations. Other previous
studies were done in mathematic application in worldwide according to various fields of studies [5, 6].

2. Methodology
The one-dimensional differential transform function is defined as follows [7]:
1| o
C(k)=—=| =—c(x (2)
( kl 8Xk ( )

x=0

where C(X) is the original function and C(K) is the transformed function.

The differential inverse transform of C(K) is defined as follows [8]:

c(x)=iC(k)xk. (3)

The fundamental operation performed by differential transformation as follow in Table 1.

Table 1 The fundamental operation performed by differential transform [9].

Original functions

Transformed functions

c(t)=u(t)xv(t)
c(t)=au(t)

0

c(t)zau(t)

c(t)=-u(1)
c(t)=u()v(t
e
c(t)=(1+t)"
c(t)=sin(et +a)

c(t)=cos(at +a)

C(k)=U (k)£V (k)
C(k)=aU (k)

C(k)=(k+1)U (k+1)

C(k)=(k+1)(k+2)... (k+r)U (k+Tr)

k

C(k)=2U(rV (k1)

/Ik
C(k)zﬁ
C (k)= m(m—l).i(.(!m—k +1)
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2.1System of Linear Ordinary Differential Equations

Examples for system of linear ODEs are tested using DTM. The results obtained demonstrate the effectiveness of
DTM for solving the system of linear ODEs. Then the result are compared with exact solution, fourth- order
Rungge-Kutta (RK4), and Adomian Decomposition Method (ADM) [10].

Example 1: Consider the system of linear ordinary differential equations [3] as follow:

X'=X+Y, (4)
y'=-X+Yy, (5)
with initial conditions,
x(0) =0,
(6)
y(0) =1.

The exact solution is given,
X e'sint
= (7)
y e cost

By applying DTM to (4) and (5) from Table 1, we will obtain as follows
X (k1) = X0+ K)
k+1
-X(k)+Y (k)
k+1

(8)
Y(k+1) =

By applying Table 1, the initial conditions in (6) can be transformed as
X (0) =0,

Y(0)=1. ©)

Substituting K =0 and the initial condition in (9) into (8) we obtain

x (0+1) = 2 *+¥0) (03:1((0)

X@=1 (10)
—X(0)+Y(0)

0+1
YO =1 (11)

Y(O+1)=

Continue substituting K =1 to K =5 and the initial conditions in (9) into (10) and (11) to obtain the third term
and so on. To clarify the calculation for k is automatically limited to 5, due to the close proximity of final result
with the previous research result [3].

Table 2 Numerical solution by using DTM.

K X (k +1) Y (k+1)
0 1 1
1 1 0
2 1 1
3
3 0 1
6
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4 1 1
30 30

1
5 90 0

Using solution from Table 2, combine all the terms to obtained and do the series solution of Taylor series,

x(t) =3 X (K)t*
= X (0)t° + X (Dt" + X (2t* + X (t® + X (Mt* + X B)t° + X (B)t° +... (12)

YO = DY ()t

=Y +Y " +Y (> +Y > +Y ()t +Y B)t° +Y (6)t° +... (13)
Obtain the Taylor series such as
2, 13 1.5 15

X)) =t+t"+=t" ——t°——t (14)

3 30 90

1 1 1

t)=1+t—=t°—=t* ——t° 15
y(t) 2 78 T30 (15)

After that, compute numerical solution of DTM using Excel. The result obtained as in Table 3 and Table 4. Fig. 1
and Fig. 2 illustrate the graphical output of the results [11, 12].

3. Result and Discussion

The results obtained demonstrate the effectiveness of DTM for solving the system of ODE. The numerical solution
obtained as follows:

Table 3 The numerical solution and absolute error for x

t Exact DTM |Exact - RK4 |Exact- ADM |Exact -
Solution DTM| 3] RK4| 3] ADM|
0.05 0.0525417 0.0525417 0 0.0525417 0 0.0525417 0
0.50 0.790439 0.790451 1.2E-05 0.790439 0 0.790436 3E-06
1.00 2.287355 2.288889  1.53E-03 2.28736 0 2.28733 3E-05
1.50 4470462  4.495312  2.49E-02 4.47046 0 4.4704 6E-05

2.00 6.718849 6.888889 1.7E-01 6.71885 0 6.71872 1.3E-04

Table 3 show that numerical solution for RK4 is more accurate to exact solution rather than solution for DTM and
ADM.

Table 4 The numerical solution and absolute error fory

t Exact DTM |Exact - RK4 |Exact - ADM |Exact -
Solution DTM| [3] RK4| 3] ADM]|

0.05 1.049957 1.04996 0 1.04996 0 1.04996 0
0.50 1.446889  1.446875 1.5E-05 1.44689 0 1.44688 1E-05
1.00 1.468694 1466667  2.02E-03 1.46869 0 1.46868 1E-05
1.50 0.317022 0.278125 3.89E-02  0.317021 1E-06 0.317013 9E-06
2.00 -3.07493 -3.4 3.25E-01 -3.07494 1E-05 -3.07488 5E-05
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Based on Table 4, the smallest of absolute error indicates the closeness between the method and the exact solution.

= [Fxact Solution ==DTM RK4 [3] ADM [3]

b |
a

-

L]

NUMERICAL SOLUTION
I

0.05 0.50 1.00 1.50 2.00
T(s)

Fig. 1 The exact, DTM, RK4, and ADM solution for x

Based on Fig. 1 the DTM had compared with the exact solution, RK4, and ADM. The graph shows that DTM and
RK4 have same solution with the exact solution. It can be concluded that DTM are accurate for any value of x.

=i [xact Solution =l=—DTM RK4 [3] ADM [3]

NUMERICAL SOLUTION
IR

()

Fig. 2 The exact, DTM, RK4, and ADM solution for y

Fig. 2 shows the graph of numerical solution for exact solution, DTM, RK4, and ADM. From graph, it shows that
DTM is much accurate at t < 1.0 but at ¢ > 1.5 it starts to diverge from exact solution.
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Conclusion

From the result, it can be concluded that DTM successfully solved the system of ODEs. In this research, DTM was
compared to RK4, ADM and show absolute error of DTM are much likely near to exact solution in x while y absolute
error of RK4 is more accurate to exact solution. This research shows that DTM can solve the system or ODEs and
it is the simplest method to apply. The are several recommendations for further study and research on DTM,
including improving the algorithm of DTM to obtain exact solution and using modified DTM with Adomain
polynomials or Laplace transform or Pade approximation to improve the solution of close to exact solution [9].
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