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Hyperbolic Tangent Function, configurations are employed to evaluate the performance of the neural
Sigmoid Function, Rectified Linear network for each activation function. Results indicate that the ReLU
Unit Function function outperforms both sigmoid and tanh functions, establishing

itself as the most effective activation function for the given task
provided that the optimal parameters are found. These findings
provide valuable insights for optimizing neural network architectures
in handwritten digit recognition applications.

1. Introduction

Handwritten digit recognition (HDR) is an extensively explored area within the field that is concerned with
learning models for distinguishing pre-segmented handwritten digits [1]. HDR can also be defined as the task of
identifying and classifying handwritten digits using machines automatically. The goal is to create algorithms and
models that are capable of categorizing and interpreting these handwritten digits into their corresponding class
labels effectively [2]. It is usually focused on identifying the digits ranging from 0 to 9 since the number system
base 10 is the most common number system that is used in the real world.

HDR is found to be used in various applications such as postal mail sorting, automated form processing,
digitalizing old documents, etc. According to Srihari, Shekhawat, and Lam, HDR is a subset of optical character
recognition (OCR), which is defined as the electronic process of converting images of handwritten numerals,
letters, and symbols from scanned documents and photos into a computer-processable format [3]. By converting
physical text into digital format, productivity and accessibility in a variety of industries can be increased, enabling
effective text analysis, indexing, and manipulation.

As we enter the fourth revolution, artificial intelligence (Al) has received a lot of attention in various fields of
study. While the definition of Al is ambiguous, it can be defined as the study of how to build or program computers
to enable them to do what minds can do [4]. The broad term Al includes machine learning (ML), deep learning,
and artificial neural networks (ANN).
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The term ML can be referred to as a group of procedures or techniques that have the ability to ‘learn’ from
input data and use the inherent historical patterns in the data to compute and make predictions or decisions
without being explicitly programmed [5]. Deep learning and ANN are subsets and fall under the branch of ML.
They incorporate with one another to create deep complex neural networks, which are used in designing models
used for complicated problems.

There are many ways to create an HDR model, such as statistical techniques, structural techniques, neural
network approach, template matching, fuzzy model, and hybrid model. The neural network approach is the most
popular technique among all the others. ANN is a computing system whose main idea is modelled after biological
neural networks [6]. It imitates how the brain sends signals from one neuron to another.

ANN is made up of nodes, connections, and layers, where each node in a layer is fully connected to the nodes
in the next layer [7]. Each connection represents a computation function whereby it receives inputs from the
previous layer, performs a computation, and returns outputs to the next layer. One of the basic computations in
the nodes is the activation function, which plays a crucial role when designing the ANN [8].

The selection of activation function is an important consideration in the design of neural networks for digit
recognition. Non-linearities are introduced into the network by activation functions, allowing it to capture
complex relationships between the inputs and outputs. This allows the networks to learn from data and adapt,
allowing them to recognise complex patterns and make precise predictions. Different activation functions have
distinctive properties that can influence the performance of the neural network for digit recognition.

The aim of this research is to build a Python-based handwritten digit recognition artificial neural network
without built-in libraries. Although Python has a number of libraries for machine learning, including TensorFlow
and Keras, this project does not use them. The neural network is then used to determine the best parameters to
be used for each activation function from the weight initialization method, followed by the number of nodes in the
hidden layers and the learning rate. These parameters are then used to evaluate the performance of sigmoid, tanh,
and ReLU activation functions in the constructed neural network by analysing their error rates, training accuracy
and testing accuracy.

2. Methodology

This project can be divided into four phases, which are data acquisition, designing the model, training the model,
and evaluating the model. Data acquisition is first made to obtain the handwritten digit data that is used in the
project. Secondly, handwritten digit recognition (HDR) model is designed and built in Python. Thirdly, the data
obtained is used to train the HDR model. Finally, the model is evaluated to compare the performance of different
activation functions.

The data used in the project is publicly available from the MNIST database. The data includes 42,000 black
and white handwritten digits with labels. The data is saved in a comma-separated values (CSV) file. Each digit is
represented by 28 by 28 pixels. Each pixel holds a value between 0 and 255, where a higher value represents a
higher intensity of the black pixel. The first column of the dataset is the label of the digit, while the remaining
columns correspond to the 784 pixels. Figure 1 shows an example of the dataset in Microsoft Excel.
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Fig. 1 Example of the dataset in Excel

Besides representing the data in the form of rows and columns, the dataset can also be visualized as images
with 28 by 28 pixels. Fig. 2 shows the example of the first 20 data from the MNIST dataset in the form of images.
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Fig. 2 Example of the first 20 data in the form of images
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The dataset does not have to be cleaned as it has already been pre-processed. The dataset will be separated
into a training set and a testing set. The training set is used to train the neural network model, while the test set is
used to evaluate the final neural network model. The data are split into a ratio of 70/30 for the training set and
the testing set, respectively.

The artificial neural network (ANN) is a network of interconnected nodes, also known as artificial neurons or
perceptrons, organized in layers. ANN consists of three layers which are the input layer, the hidden layer, and the
output layer. Each layer consists of nodes where each node processes the input received using the activation
function and outputs them with a value. Each connection is assigned a weight, and each node apart from the nodes
from the input layer is assigned a bias.

The initialization of weight can be done by using random normal distribution. However better weight
initialization methods such as Xavier initialization and He/Kaiming initialization are also widely used to prevent
vanishing and exploding gradient problems. The Xavier initialization sets the initial weights by drawing them from
a uniform probability distribution between the range —1/+/n and 1/+/n, where n is the size of the previous layer
[9]. Meanwhile, He initialization sets the initial weight by drawing them from a Gaussian probability distribution
with a mean of 0 and a standard deviation of \/Z/—n , where n is the size of the previous layer [10].

For this project, the number of nodes at the input layer is 784, which corresponds to the number of pixels of
each digit image in the dataset. The output layer consists of 10 nodes, which correspond to the digits 0 to 9. The
number of hidden layers is set to 2, and the number of nodes is set to 30 and 15 for the first and second hidden
layers, respectively.

The activation function is one of the components of designing a successful neural network [11]. There are
many activation functions that can be used. In this project, three activation functions are tested and compared
based on their performance. The activation functions are:

«Sigmoid/Logistic Function

*Hyperbolic Tangent Function (tanh)

*Rectified Linear Unit Function (ReLU)

The sigmoid/logistic function is a function that accepts any real values as its input and returns the output in
arange of 0 to 1. As the input value tends to be positive infinity, the closer the output value will be to 1, while the
input value tends to be negative infinity, the closer the output value will be to 0. The graph of the sigmoid/logistic
function is shown in Fig. 3. The formula of the sigmoid/logistic function is:

f) = (1)
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Fig. 3 Sigmoid/Logistic Graph

The tanh function is defined as the ratio between the hyperbolic sine and hyperbolic cosine functions. The
tanh function is similar to the sigmoid function as both have the same S-shape graph with a difference in an output
range of —1 to 1. For the tanh function, the larger the input value, the closer the output value will be to 1, while
the smaller the input value, the closer the output value will be to —1. The graph of the hyperbolic tangent graph is
shown in Fig. 4. The formula of the tanh function is:
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Fig. 4 Hyperbolic Tangent Graph
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The rectified linear unit (ReLU) function is an activation function that returns 0 for all negative input values
but for any positive input value, it returns the same value. Although the ReLU function gives the impression of a
linear function, it has a derivative function and allows backpropagation. The graph of the ReLU function is shown
in Fig. 5. The formula of the ReLU function is:

f(x) = max(0, x) (3)

Fig. 5 Rectified Linear Unit (ReLU) Graph

The training of the neural network model is the process of adjusting the weight and biases of the network to
optimize the performance of recognizing the handwritten digits. The training of the neural network can be divided
into two phases which are forward propagation and backward propagation.

Forward propagation, which is also known as feedforward propagation, is the process of passing input data
through a neural network to produce an output or prediction [12]. The input data is passed through the neural
network’s layers in a forward direction, from the input layer to the output layer.

Each neuron in the network receives inputs from the previous layer, performs a weighted sum of these inputs,
applies an activation function, and produces an output during the process. This output is then passed to the
neurons in the next layer as its input, and the process is repeated until the output layer is reached. The formula
for the weight sum is as follows:

2O = Wal-1 1 pH® 4)

W® = weights matrix for the I layer,

b® = bias vector for the [ layer,

z( = weight sum vector of [ layer,

a1V = output vector of the (I — 1)™ layer.

After the weight sum is found for one layer, the activation function is applied to the weight sum. The formula
is as follows:

a® = f(z0), (5)

z® = weight sum vector of I*" layer,
a® = output vector of I'" layer.

At the output layer, the softmax function is applied to convert the vector into a vector that sums to 1. In other
words, the softmax function transforms the input values into values between 0 to 1, and can be interpreted as a
probability. The formula of the softmax function is as follows. Since the output has 10 elements which represent
the digits 0 to 9, the denominator takes the summation of the exponent for all 10 weight sum of the output.

e%i
o(z); = W, (6)

z = weight sum vector at the output layer,
o = softmax function.

Finally, the mean square error (MSE) is used as the cost function of the neural network model. It calculates
the average squared difference between the predicted output and the target output. The formula for MSE is:

n

1
MSE = ;Z(ai -ty (7)

i=1

n = number of samples in the dataset,
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a; = i*" element in the output vector of the output layer,
y; = i'" element in the vector of the target value.

Backward propagation, otherwise known as backpropagation, is the process of updating the weights and
biases by propagating the error layer by layer backward through the neural network. The error is used to
determine the gradient of the cost function which indicates the adjustment needed to be made to the weights and
biases in minimizing the error.

The calculation of the gradient of the cost function involves the calculation of the error gradient first. The
error gradient evaluates how sensitive the cost function is with respect to the inputs of a specific node. It is
computed as the derivative of the activation function with respect to the weighted input of the node. The formula
is as follows:

dc
& _ 0 = (WD ga+D 10 8
=3 (WD) © £/(20), (8)

80 = error gradient vector at the ['" layer,

W ¢+ = weight matrix at the (I + 1)™ layer,
81+ = error gradient vector at the (I + 1)™ layer,
f' = derivative of the activation function,

z® = weight sum vector at the ['? layer.

The error gradients are then used to compute the gradients of the cost function with respect to each weight
and bias. These gradients are then used to update the weights and biases. The formulas are as follows:

Aw® = qat-vg§wb, (9)
Ab® = a8®, (10)

AwW = gradient of the cost function with respect to the weight vector,
Ab® = gradient of the cost function with respect to the bias vector,

a =learning rate,

a~b = output matrix of the (I — 1)™" layer,

8® = error gradient at the I'™" layer.

After completing the training of the HDR neural network model, the model is evaluated by feeding the test set
into the model. The model will predict the test set, and the prediction outcomes are in the form of class labels. The
prediction is then compared to the true labels of the digits. The performance of the model can be evaluated by
calculating the accuracy of the prediction where accuracy is the proportion of correctly classified digits out of the
total number of digits in the test set.

3. Result and Discussion

The research is conducted by first determining the optimal parameters for the neural network models associated
with each activation function — tanh, sigmoid, and ReLU. The primary focus lies in identifying the most effective
weight initialization method followed by the number of nodes in the hidden layer and the learning rate. The
optimal parameters identified are used in the subsequent investigations. In the end, with the confirmed optimal
parameters in place for each activation function, these parameters are used when configuring the models for a
comprehensive comparison of the performance of each activation function at their peak efficiency.

3.1 Weight Initialization

It is proposed that Xavier initialization works well with tanh and sigmoid activation functions [9]. Meanwhile, He
initialization works well with the ReLU activation function [10]. During weight initialization, the use of normal
distribution and Xavier initialization are compared for both tanh and sigmoid activation functions. As for the ReLU
function, the use of normal distribution and He initialization are compared. The performance of the neural
network model is evaluated by taking an average from 10 sample models for each case. Other parameters involved
in setting the neural network models are fixed as in Table 1:
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Table 1 Parameters fixed during weight initialization comparison

Parameters Value
Number of nodes in the first hidden layer, h, 30
Number of nodes in the second hidden layer, h, 15
Number of epochs 30
Learning rate 0.1
Number of samples in training set 7000
Number of samples in testing set 3000

rror rates Training Accuracy Testing Accuracy

(@) (b) (©

Fig. 6 (a) error rate; (b) training accuracy; (c) testing accuracy of normal distribution and Xavier initialization
methods for tanh activation function

Fig. 6 shows the performance of normal distribution and Xavier initialization methods for tanh activation
function in terms of error rate, training accuracy and testing accuracy. Each graph shows the values of the
performance of the 10 sample models. The average of each performance is indicated by the dotted line in the
graphs.

Error Training Accuracy Testing Accuracy
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Fig. 7 (a) error rate; (b) training accuracy; (c) testing accuracy of normal distribution and Xavier initialization
methods for sigmoid activation function

Fig. 7 shows the performance of normal distribution and Xavier initialization methods for sigmoid activation
function in terms of error rate, training accuracy and testing accuracy. Each graph shows the values of the
performance of the 10 sample models. The average of each performance is indicated by the dotted line in the
graphs.

Error Training Accuracy Testing Accuracy

(@) (b) (©

Fig. 8 (a) error rate; (b) training accuracy; (c) testing accuracy of normal distribution and He initialization
methods for ReLU activation function

Fig. 8 shows the performance of normal distribution and He initialization methods for ReLU activation
function in terms of error rate, training accuracy and testing accuracy. Each graph shows the values of the
performance of the 10 sample models. The average of each performance is indicated by the dotted line in the
graphs.
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Table 2 Performance of activation functions with different weight initialization methods

Activation  Weight initialization Average error Average training ~ Average testing
Function method rates accuracy (%) accuracy (%)
Tanh Normal Distribution 0.01853 88.30 78.30
an
Xavier Initialization 0.00759 95.13 89.38
Normal Distribution 0.01967 87.59 82.44
Sigmoid
Xavier Initialization 0.00601 96.98 92.19
ReLU Normal Distribution 0.05380 13.78 13.71
e
He Initialization 0.00382 97.83 92.52

From Table 2, it is shown that using Xavier and He weight initialization methods outperform those that used
normal distribution in terms of average error rates, average training accuracy and average testing accuracy for all
three activation functions. A proper weight initialization method provides a better starting point for the model to
learn.

3.2 Number of Nodes in Hidden Layers

In this section, we investigate how varying the number of nodes in both hidden layers within the range of 10 to
100 with increments of 10 affects the performance of the models. For each configuration, 10 sample models are
trained, and the performances are evaluated by taking the average from the 10 samples. The weight initialization
methods used are Xavier initialization for tanh and sigmoid functions and He initialization for the ReLU function.
The number of epochs is set to 30 while the learning rate is set to 0.1. The number of samples in the training and
the testing set are 7000 and 3000, respectively.

The performance of the models is evaluated based on the error rates, accuracy of the training set and accuracy
of the testing. Certain weightages decided beforehand are used to combine the performances into an index. The
index serves as a measure of the overall performance of each model. The average performance for each
configuration is taken from 10 sample models. The corresponding weightage values are outlined in Table 3:

Table 3 Weightage for the performance of the model

Performance of model Weightage
Error rates 0.5
Accuracy of training set 0.8
Accuracy of testing set 1.0
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Fig. 9 Overall performance for varying numbers of nodes for functions of (a) tanh; (b) sigmoid; (c) ReLU

Fig. 9 shows the overall performance for each activation function with varying numbers of nodes for the first
and second hidden layers. From Fig. 9 (a), it is shown that the tanh model performs the best with 40 nodes in the
first hidden layer and 100 nodes for the second hidden layer with an overall performance index of 2.278.
Meanwhile, Fig. 9 (b) shows that the top performing sigmoid models are concentrated at the bottom of the table.
The sigmoid model performs the best with 100 nodes in the first hidden layer and 80 nodes in the second hidden
layer with an overall performance index of 2.063. Last but not least, Fig. 9 (c) shows that the model performs the
best with 100 nodes in the first hidden layer and 100 nodes in the second hidden layer with an overall
performance index of 2.269.
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Table 4 Activation function, overall performance and number of nodes

Number of
s Accuracy of  Accuracy of Number of nodes in
Activation Error trainin yset trainin iet Overall nodes in first second
Function rates (% )g (% ig performance hiddenlayer, hidden layer,
0 0 hl hz
Tanh 0.003627 97.68 91.65 2.278 40 100
Sigmoid 0.004792 97.61 9291 2.063 100 80
ReLU 0.000785 99.53 94.47 2.269 100 100

Table 4 shows the overall performance and number of nodes for the best performing model among all
different configuration of a number of nodes for each activation function. After training and evaluating each
configuration of nodes for each activation function, tanh function performs the best when the number of nodes
for the first and second hidden layers are 40 and 100, respectively. As for the sigmoid function, the model
outstands when the number of nodes is 100 and 80, respectively. The ReLU activation function utilizes 100 nodes
in both hidden layers to achieve the best result among all the other configurations.

3.3 Learning Rate

In this part, we tune the learning rate of the models from 0.1 to 1.0 with a step size of 0.1. The weight initialization
method used is based on the result of the first investigation, and the number of nodes for both hidden layers for
each activation function is based on the result from the second investigation. The remaining parameters, which
are the number of training and testing sets, are fixed to be 7000 and 3000, respectively. The performance of the
models is based on the error rates, accuracy of the training set and accuracy of the testing set. 10 sample models
are trained for each learning rate, and the average is calculated for each performance.

performance by learning rate for tanh performance by learning rate for sigmoid performance by learning rate for RelU

2

() (b) (©
Fig. 10 Performance by learning rate (a) tanh; (b) sigmoid; (c) ReLU

Fig. 10 shows the performance of varying learning rates for each activation function. Fig. 10 (a) shows that
the training and testing accuracies for the tanh activation function peak at 0.2 learning rate and decline as the
learning rate increases. As for the sigmoid activation function shown in Fig. 10 (b), the training and testing
accuracies increase from 0.1 learning rate and reach the highest values at 0.9 learning rate. Finally, Fig. 10 (c)
shows that the 0.1 learning rate has the highest training and testing accuracies for the ReLU activation function.

Table 5 Performance of activation function with the best learning rate

Activation Accuracy of Accuracy of testing .
Function Error rates training set (%) set (%) Learning Rate
Tanh 0.003937 97.75 92.17 0.2
Sigmoid 0.001047 99.38 94.15 0.9
ReLU 0.000882 99.48 94.67 0.1

Table 5 shows the performance of the best performing model among different learning rates for each
activation function. After training and evaluating each activation function in the specified configuration with
varying learning rates, the models demonstrated the best performance at 0.2 learning rate for the tanh function,
0.9 learning rate for the sigmoid function and 0.1 learning rate for the ReLU function. These learning rates are
used in the next section for the comparison between each activation function.
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3.4 Comparison between Tanh, Sigmoid, and ReLU functions

Table 6 concludes the optimal parameters for each activation function. These parameters are used in configurating
the models for the comparison between tanh, sigmoid, and ReLU functions.

Table 6 Parameters used for each activation function
Activation Function Tanh Sigmoid RelU
Weight Initialization Xavier Initialization Xavier Initialization He Initialization
Number of Nodes in First

Hidden Layer, h, 40 100 100
Number of Nodes in
Second Hidden Layer, h, 100 80 100
Learning rate 0.2 0.9 0.1
Number of epochs 30 30 30
Number_o!c samples in 16800 16800 16800
training set
Number qf samples in 7200 7900 7900
testing set
Table 7 Performance of each activation function
Activation Function Error rates Training accuracy (%) Testing accuracy (%)
Tanh 0.00437 97.47 93.75
Sigmoid 0.00081 99.54 95.77
ReLU 0.00068 99.58 96.31

From Table 7, the ReLU activation function demonstrates the lowest error rate (0.00068) and superior
accuracy in predicting both training and testing data. The sigmoid function follows closely with a very low error
rate (0.00081), while the tanh function exhibits a somewhat higher error rate (0.00437).

In this specific configuration of parameters for each activation function, the ReLU function stands out with the
highest training accuracy at 99.58%, indicating its strong ability to fit the training dataset. Remarkably, the ReLU
function also exhibits the highest testing accuracy at 96.31%, showcasing its effectiveness in generalizing well to
new, unseen data.

Sigmoid function follows closely with high training and testing accuracies of 99.54% and 95.77%,
respectively. Tanh function, while demonstrating a respectable training accuracy of 97.47%, lags in testing
accuracy at 93.75%. The consistency in performance metrics across training and testing phases is crucial for
assessing a model's ability to not only memorize training data but also make accurate predictions on unfamiliar
instances. These results suggest that all activation functions strike a good balance between generalization and
overfitting with the ReLU function surpassing tanh and sigmoid functions in all performances.

4. Conclusion

As a conclusion, the architecture specification for a neural network plays an important role in the performance of
the neural network model, which is demonstrated by using different weight initialization methods, varying the
number of nodes in hidden layers and the learning rate. Our results demonstrated improved performance when
employing the Xavier initialization method for tanh and sigmoid functions, and the He initialization method for
the ReLU function. Results showed that choosing the right weight initialization method is crucial for the model to
train in the first place. From our investigation, the tanh function performs the best, with 40 nodes in the first
hidden layer and 100 nodes in the second hidden layer. The sigmoid function excels with 100 nodes in the first
layer and 80 in the second, while ReLU function performs optimally with 100 nodes in both hidden layers. In our
research, we also discovered that a learning rate of 0.2 yields the best performance for the tanh function, while
the sigmoid function achieves optimal results with a learning rate of 0.9, and the ReLU function performs best
with a learning rate of 0.1. Finally, the ReLU activation function emerges as the most effective among tanh and
sigmoid activation functions in the specified specification of this research in the digit recognition task. These
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findings underscore the importance of thoughtful architecture design and parameter selection in enhancing the
neural network's ability to learn and generalize effectively.
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