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Abstract

This study explores the flow and heat transfer characteristics of Cu-
Al203/water hybrid nanofluid over a permeable shrinking cylinder with
magnetic field using the shooting technique. The research employs the
Runge-Kutta-Fehlberg (RKF45) method in Maple to provide numerical
solutions for the governing nonlinear partial differential equations. In
the validation phase, the outcomes are compared with both an exact
analytical solution and numerical values across various cases. Results
indicate that the heat transfer rate varies with alumina and copper vol-
umetric concentrations, with the least alumina concentration yielding

Magnetic Field the highest rate. The addition of alumina and copper volumetric concen-
tration reduces the heat transfer rate. Temperature profile correlates
positively with curvature parameter and Eckert number but inversely
with the magnetic parameter. Velocity profile escalates with an increase
in the magnetic parameter. This research contributes to understanding
nanofluid heat transfer and provides a benchmark for future investiga-
tions into the influence of physical parameters and diverse hybrid mate-
rials.

1. Introduction

The application of hybrid nanofluid in addressing heat transfer challenges has emerged as a novel and promising
approach. Engineers, researchers, and scientists are increasingly drawn to the extensive industrial, scientific,
and technical applications of hybrid nanofluid, spanning microfluidics, generator cooling, transportation, manu-
facturing, medical lubrication, acoustics, naval structures, and solar heating. [1] introduced nanofluid, a sub-
stance formed by combining nanosized particles with a fluid, demonstrating exceptional potential for elevating
thermal conductivity and heat transfer rates.

Nanofluids, composed of suspended nanoparticles ranging from 1 to 100 nanometers, modify the viscosity
and thermal conductivity of the base fluid. Hybrid nanofluids, formed by combining nanoparticles of different
types or with other additives, have been the subject of extensive study, particularly concerning their behavior
under varying flow conditions. Early research by [2] experimented with hybrid nanoparticles, while subsequent
studies by [3] and [4] explored the application of nanofluids for heat transfer enhancement. [5] investigated the
potential of alumina hybrid nanoparticles to enhance fluid heat conduction. [6] conducted a comprehensive in-
vestigation into the Ellis hybrid nanofluid flow model, incorporating magnetic, Darcy-Forchheimer, and nonline-
ar thermal radiation effects on a stretching cylinder, revealing that increased Darcy-Forchheimer and magnetic
parameters reduce the velocity profile of mono and hybrid nanofluids.

In addition to the nanofluid study, this research introduces a permeable shrinking cylinder, commonly found
in biological systems and industrial applications. Such cylinders may undergo radial shrinkage while allowing
fluid passage through their surfaces. [7] initiated the investigation of fluid flow over a stretching cylinder, with
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[8] and [9] subsequently expanding on this work by considering effects like suction, injection, and velocity-slip.
[10] explored the effects of a shrinking horizontal cylinder on the unsteady stagnation-point flow of a Ti02
C2H602 nanofluid, considering a magnetic field, joule-heating viscous dissipation, nanoparticle aggregation, and
mass suction, revealing that increased unsteadiness, magnetic field, and nanoparticle volume fraction parame-
ters elevate velocity and temperature profiles, while curvature and suction parameters exhibit an inverse rela-
tionship.

The idea of multiple shooting was first put forth by [11] and then advanced by [12], who created and
examined both a simple shooting method (SSM) and a multiple shooting method (MSM). [13] applied a shooting
technique based on RK-4 algorithms (bvp4c) to transform governed flow expressions partial differential equa-
tions (PDEs) into ordinary differential equations (ODEs) in their numerical investigation, revealing the flow
characteristics of a hybrid nanomaterial (SWCNTs + CuO + Engine oil) over a curved stretched sheet with Darcy-
Forchheimer porous medium. [14] explored the application of the Newton built-in shooting technique to solve
non-dimensional systems, transforming given partial differential systems into dimensionless ordinary expres-
sions for the analysis of Darcy-Forchheimer nanoliquid flow over a stretched surface. [15] innovatively intro-
duced a versatile numerical tool, utilizing the shooting technique, to assess coefficient matrices of subdomains
without prior knowledge of the semi-discretized system's analytical solution, demonstrating universal applica-
bility and precision through comparisons with the closed-form solution of linear electrostatics while accommo-
dating various direct solution approaches.

The impact of external fields on fluid dynamics holds paramount significance in numerous natural and
industrial flow scenarios. One such influential external force is the magnetic field, giving rise to the field of
magnetohydrodynamics. This branch of study focuses on analyzing the dynamics of electrically conductive
fluids, including plasma and liquid metals [16-18]. Various approaches exist for modeling the effects induced by
applied magnetic fields on current and energy fields. One approach involves the solution of the coupled Navier-
Stokes and energy equations, while a more streamlined method incorporates volumetric forces such as the
Lorenz or Kelvin forces directly into the momentum equations [19-21]. These methodologies offer diverse
avenues for comprehending and simulating external magnetic fields and fluid behavior in a range of practical
applications.

Inspired by previous literature, this study specifically investigates the Cu-Al203/water hybrid nanofluid,
widely reported in the field. The choice of this nanofluid serves as an exemplary case for analysing the combined
effects of copper and alumina nanoparticles. This research investigates heat transfer in a hybrid Cu-
Al203 /water nanofluid with least alumina concentration and explores how increasing the volume fraction of
copper nanoparticles enhances heat transfer, maintaining a fixed 10% alumina fraction.

A key novelty lies in applying an effective solution method to analyse nanofluid flow over a permeable
shrinking cylinder. Contrary to earlier research using MATLAB's bvp4c solver, our approach employs RKF45
with a shooting technique in MAPLE software, comparing results with [22]. The widely recognized RKF45 meth-
od, coupled with the shooting technique, holds significance in scientific research, providing a benchmark for val-
idation. This method aids in understanding complex fluid dynamics, heat transfer, and nanoparticle transport in
hybrid nanofluid systems.

This paper sheds light on the complexity of hybrid nanofluid behaviour in the context of MHD flow around a
shrinking cylinder with the influence of Joule heating and addresses critical issues through various solution
methods, paving the way for innovative technologies with broad implications.

2. Research Method

A steady, incompressible hybrid nanofluid with a magnetic field is studied on a permeable radially stretching
or shrinking cylinder of radius a. As depicted in Fig. 1, the hybrid nanofluid is expected to flow along the axial x-
direction with the r-coordinate being normal to x, and the r-axis is paralleled by a Bo which is transverse magnet-
ic field of strength that has zero electric field. The shrinking cylinder has a linear velocity Uw(x) and a constant
characteristic velocity uo such that Uw(x)= uox/L. The constant mass flux velocity is denoted by vw(r) where
vw(r) > 0 refers to injection or fluid removal and vw(r) < 0 represents suction.
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Hybrid

Nanoparticles

Fig. 1 Physical configuration and coordinate system ([22])

Following [23] single-phase nanofluid model and boundary layer assumptions, the governing equations of
the hybrid nanofluid are:

I r -
a(ru) + a(ry) -0
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subject to the boundary conditions that can be expressed as:
v = "’u-( P, u= AU“.(J\‘) , I = T“,( x),atr =a,
u—0, T=T_,asr— o0, (4)

where T is the temperature of the hybrid nanofluid, and u and v, respectively, stand in for the velocities along the
x- and r-axes. The variable wall temperature is calculated as Tw= Tw+ To (x/L)? where To is the characteristic
temperature, L is the characteristic length of the cylinder and the ambient hybrid nanofluid temperature To is
constant. A stands for the constant parameter of shrinking (4 < 0), and 4 = 0 represents the static cylinder.

It is important to note that the first and second solid nanoparticles are denoted as s1 and s2, respectively,
while the regular (base) fluid, hybrid, and traditional nanofluids are abbreviated as f, hnf, and nf, respectively.

Here, dynamic viscosity y hnf density P hf heat capacitance [ pCP) o’ thermal conductivity khnf’ and electri-
mn,

cal conductivity O g AT€ used in Egs. (2) and (3).

2.1 Thermophysical properties

The thermophysical properties of single and hybrid nanofluids are shown in Table 1. In addition, Table 2 lists
the thermophysical characteristics of the first nanoparticle (copper, Cu), second nanoparticle (alumina, Al203)
and pure water.
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Table 1 Thermophysical properties of single and hybrid nanofluids ([24-26])

Properties Single Nanofluid Hybrid Nanofluid
Density _ _ _
P = ( l d’l)’of"' b P g = ( 1_¢z)[( l_¢|)1”_f""'f’|f".‘-|
Y
Heat = -
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Table 2 Thermophysical properties of cuprum/copper, alumina/aluminium oxide, pure water ([24-26] and

[27])
Physical properties Cu Al203 Water
p( kg/ m3) 8933 3970 997.1
€ ,(J/kgK) 385 765 4179
k( W/ mK) 400 40 0.6130
c( s/m) 59.6x10® 35x10%® 5.5x10°

For alumina and copper, respectively, the volumetric concentration of nanoparticles is ¢ | and ¢ . Here, ¢ is

the nanoparticles volume fraction, ps and pr are the densities of the hybrid nanoparticles and base fluid, respec-
tively, Cpis the heat capacity with constant pressure, (pCp)sand (pCp)r are the heat capacitances of the hybrid
nanoparticles and base fluid, respectively, ks and kr are the thermal conductivities of the hybrid nanoparticles
and base fluid, accordingly, and os and or are the electrical conductivities of the hybrid nanoparticles and base
fluid, correspondingly. If ¢ = ¢, =0, then hybrid nanofluid reduces to a viscous regular fluid.

2.2 Similarity transformation

The similarity transformation is used to convert the nonlinear PDEs of continuity equation (1), momentum
equation (2), and energy equation (3) into ODEs. The similarity variables are as follows:

=2y em e Sy ey =
- L . r;'l ] - ¥ L }? s ?? _T _T s
W o0
B “0 s
S )
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so that

u va

L

S,

a
V(1) ==~

where S is the mass flux parameter, S > 0 for suction, S < 0 for injection, and primes signify differentiation with
respect to 7. To establish a connection with curvature, the variable 7 in the given equation plays a crucial role.
The parameter a in the equation has the potential to influence curvature, necessitating a closer examination of
the factors associated with a, specifically . By considering fixing the value of L, while allowing a to vary, this is
where the curvature changes. In this context, curvature refers to the variable 5. It's important to note that r in
the equation is a variable, signifying that the diameter undergoes alterations, creating an association with curva-
ture. The variables in the equation, including r and a, play a pivotal role in describing how changes in diameter
relate to alterations in curvature.

An addition, the continuity equation (1) is obeyed by the transformation in Eq. (5). Using the similarity
transformations, the nonlinear partial equations (2) and (3) with boundary conditions (4) are reduced to the
following nonlinear ODEs:

'uimf' M. O-Imf/()'
/ Llcteomrman + 2 " J+£F " () —f'2 - 7fo‘( n =0, (6)
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The physical quantities of interest are local skin friction coefficient and local Nusselt number which are
defined as

'ujrf ()II )‘-k”i {jT
¢ =t (_]  Nu (_ _] ,
p,u\or) _, kf(T,—Tm) or),_,

Hence

k, .
Re'C = FeY)) Re_"_l/zNu_\;—ﬂ@'(O), 9)

x °f (l—fﬂl) 2_5(1_%) 2.5° k,

3. Results and Discussion

The resulting of the similarity equations (6) and (7), subject to the boundary condition (8), is obtained using the
shooting method with RKF45 algorithm implemented in Maple. The results are analyzed and presented in the
form of tables (Tables 3, 4, and 5) and graphical representations (Figs. 2-6). The execution of the RKF45 method
involves the selection of governing parameters, ensuring convergence by adjusting the boundary layer thick-
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ness,n . Throughout the process, fixed values of Pr = 6.2, alumina volumetric concentration ¢ = 0.1, and suc-
tion parameter S are maintained, while other physical parameters are systematically tested within defined rang-
es. Specifically, the shrinking region is explored with varying values such that 0 < ¢,<0.02, 0 <y < 0.2,
0.1<M<0.15and 0.01< Ec< 1.

Maple software helps generate important values successfully, including the skin friction coefficient, f'(0)
and the local Nusselt number, 8'(0). Notably, the chosen values for Prandtl number, Pr, mass transpiration
parameter, S, shrinking parameter, 4, nanoparticle volume fractions for copper, ¢, and the nanoparticle volume

fraction for alumina, ¢ 1 align with those employed in the prior study conducted by [22].

o 172
Table 3 X2 Cf whenS=7=M=Ec=0,Pr=6.135 %1=01, 1 =1 and various 7>
T
%2 ReV2c, = —"Lp(0)
A f H
f

[22] Analytical [22] Present Results
0.005 -1.327098 -1.327097962 -1.327097962
0.02 -1.409490 -1.40949019 -1.40949019
0.04 -1.520721 -1.520721211 1.520721211
0.06 -1.634119 -1.634118687 -1.634118687

=1/
Table 4 R¢; Nt whens=7 = M=Ec=0,Pr=6.135,%1 = 0.1, 2 =1 and various #>

k, .

_ i
¢, Re 2 Nu =— k;”"@'( 0)

f
0.005 1.961773
0.02 1.989308
0.04 2.026446
0.06 2.064150

In Table 3, it is observed that the skin friction coefficient becomes increasingly negative with a rise in ¢,
from 0.005 to 0.06. This negative trend signifies that, as ¢, increases, there is a corresponding enhancement in

skin friction. The introduction of additional nanoparticles into the flow results in reduced flow motion, concur-
rently thinning the momentum boundary layer. The present results also demonstrate good agreement with the
previous study by [22].

Furthermore, the variation of the local Nusselt number, Re : '/3Nu o for different values of 4)2 is explored un-
der the conditions of S=y =M = Ec=0, Pr=6.135, ¢ = 0.1, and 4 = 1, as depicted in Table 4. This table is includ-

ed for future reference, providing a comprehensive overview of the heat transfer characteristics under varied
nanoparticle concentrations. It shows that with the presence of ¢ ,, the heat transfer rate at the surface increases
significantly.

The influence of the curvature parameter on velocity profiles is clarified in Fig. 2, revealing its impact. It is
important to note that a gradual increase in the curvature parameter corresponds to a proportional decrease in
velocity profiles. Fig. 3 illustrates the impact of the magnetic parameter, M on velocity profiles, showing that an
elevated M correlates with an enhanced velocity profile, highlight the significant role of the magnetic parameter
in augmenting velocity within the hybrid nanofluid.
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Examining temperature profiles, 6(n) in Fig. 4, a rising trend concurrent with an increase in the curvature
parameter. Moving on to Fig. 5, the results depict the influence of Ec on temperature profiles, where an
increased Ec corresponds to a heightened temperature profile. Finally, Fig. 6 showcases the impact of the
magnetic parameter on temperature profiles, indicating a noticeable decrease with higher magnetic parameter
values, implying a reduction in the heat transfer rate at the surface of the hybrid nanofluid.

14 17
Ec="f’g= 0.01 M=y =01
2o . ?5-0.01
0z 5=2 08 e
2 2=-09 7 i=-1
4l
. |
05 |1 06 -
| |
E | E 11
T | T |
|
04 - 04
02 - r=0,01,02 02 - Ec=0.01,0.1,1
0 T T 1 0 1 J ! . '
0 ) 7 3 0 1 2 3 4 3
T] T‘L

Fig. 4 Temperature profile against n for variousy Fig. 5 Temperature profile against n for various Ec
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Fig. 6 Temperature profile against n for various M

Table 5 presents comprehensive data on the skin friction coefficient and local Nusselt number under specific
conditions when # o= 30,S=2,M=0.1, Ec = 0.01, Pr = 6.2, and A = -1. The results are categorized by varying

¢ ¢, andy.

o 1/2 ,— 172
Re | Cf and Re: "' *Nu

Table 5 + when?»=30,5=2,Pr=6.2, 1=-1,M=0.1,and Ec = 0.01 with vari-

ous ¢l’ ¢2’ and 7

Y ¢, ¢, Re‘:_’sz Re~ ”zNu_\_
Khashi'ie et al. Present Khashi'ie et al. Present
[22] results [22] results
0 0 0 1.31623 1.31622 10.81700 10.81699
0.1 0 1.70970 1.70969 9.94958 9.94957
0 0.02 1.64507 1.64506 10.72459 10.72458
0.1 0.02 2.01134 2.01134 9.84403 9.84402
0.1 0.03 0.02 1.66224 1.66224 10.40085 10.40083
0.05 0.02 1.72939 1.72939 10.21611 10.21609
0.1 0.02 1.85323 1.85322 9.69708 9.69707
0.01 1.65783 1.65782 9.73266 9.73265

Notably, the skin friction coefficient and local Nusselt number for a hybrid nanofluid with rf)I = 0.1 and
rf)2 = 0.02 are observed to be higher on a flat plate (y = 0) compared to a cylinder with 10% curvature (y = 0.1).

Furthermore, under specific conditions (y = 0.1 and ¢, = 0.02), an increase in rf)I leads to an increment in
the skin friction coefficient, causing a reduction in the local Nusselt number. Similarly, an increase in rf),, when
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(¥ =0.1and ¢ 1= 0.1), results in a contraction of the heat transfer rate. Conspicuously, the hybrid nanofluid with
the least alumina concentration (¢ ,=0.03 and ¢ , = 0.02) demonstrates a higher heat transfer rate than the one
with higher alumina concentration (¢, = 0.1 and ¢, = 0.02).

In exploring the intricate realm of hybrid nanofluids, this investigation elucidates the paradoxical relation-
ship between their intended role in enhancing heat transfer and the observed reduction in the Nusselt number.
The results unveiled a nuanced scenario wherein the addition of alumina under specific conditions (y = 0.1 and
¢, = 0.02), led to a counterintuitive decrease in the heat transfer rate. As nanoparticles volume fraction for alu-

mina increased, a consequential rise in the skin friction coefficient occurred, causing a localized reduction in the
Nusselt number. To provide a theoretical foundation for this discrepancy, insights from Myers et al. [28] were
incorporated, emphasizing the non-Newtonian behaviour of nanofluids at volume fractions between 10% and
30%, as demonstrated through Buongiorno’s model. This discrepancy challenges the conventional assumption
that an increase in the Nusselt number uniformly signifies enhanced heat transfer, emphasizing the need to con-
sider variations in nanoparticle concentration. Additionally, [29] introduced a rescaling approach that simplifies
the evaluation of flow and physical parameters, particularly in nanofluids exhibiting non-Newtonian behaviour
post 5-6% volumetric concentration of nanoparticles. This rescaling technique, shedding light on the complexi-
ties inherent in high volume fractions and providing a foundation for advancing understanding of nanofluid dy-
namics and heat transfer mechanisms. Since the higher composition of the nanoparticles measured in this study
is 10%, we believe this value will affect the overall hybrid nanofluid.

4. Conclusion

An analysis was conducted on the flow of hybrid nanofluid past a permeable shrinking cylinder under the influ-
ence of a magnetic field. The transformed ODEs were efficiently solved using the shooting method coupled with
the RKF45 technique in Maple software. Validation of the precision of these numerical solutions was achieved by
comparing them with the findings obtained by [22], revealing a commendable level of agreement.
The study addresses the research questions outlined in the introduction, leading to the following key conclu-
sions:
*Hybrid nanofluid with the least alumina volumetric concentration exhibits a higher heat trans-
fer rate than the overall hybrid nanofluid.
*The addition of alumina and copper volumetric concentration contributes to a reduction in the
heat transfer rate.
*The temperature profile experiences an increase with an enhancement of the curvature parame-
ter and Eckert number, while it decreases with an increase in the magnetic parameter.
*The velocity profile only shows escalation with an increase in the magnetic parameter.
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