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The study uses a shooting technique to examine the laminar boundary 
layer flow of a Blasius flow with Cu-Al2O3 hybrid nanoparticles over a 
permeable plate. Using similarity transformation to transform the 
model from partial differential equations to ordinary differential 
equations using the governing equation, the study takes into 
consideration the effects of radiation and viscous dissipation. The 
solutions are then obtained by using the shooting technique with the 
RKF45 method in Maple software. Hybrid nanoparticles demonstrate 
advantageous thermal properties resulting from synergistic effects, 
although these effects wane with a rise in the Eckert number. These 
findings help improve productivity and plan processes for specific 
products according to desired output. This important early study offers 
valuable insights for engineers and scientists, guiding future 
applications. 
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1. Introduction 

Due to the enhanced thermophysical characteristics, nanofluids colloidal suspensions of nanoparticles in a base 
fluid have attracted a lot of attention. Hybrid nanofluids consist of blends of two or more distinct types of 
nanoparticles distributed in a base fluid. These nanofluids have demonstrated improved heat transfer 
characteristics compared to traditional fluids, positioning them as promising candidates for various engineering 
applications. 

The smooth, steady flow of a viscous fluid across a flat plate is known as "Blasius flow”. The Blasius solution, 
which has been extensively researched in fluid dynamics and heat transfer, presents an analytical solution for 
the velocity and temperature profiles in such a flow given by [1]. 

Research in recent years has focused on the exploration of fluid flow and heat transfer characteristics over 
permeable plates. Research conducted by [2], the focus of the study was to comprehend the behaviour of hybrid 
nanofluids over a non-linear permeable stretching/shrinking surface. Permeable plates, which enable fluid flow 
through their porous structure, are integral to various engineering applications, including filtration, separation, 
and heat exchange.  

The study aimed to analyse the interactions between the hybrid nanofluid and the permeable plate while 
examining the resulting flow and heat transfer characteristics. This research contributes valuable insights into 
the understanding of fluid dynamics and heat transfer phenomena specifically related to permeable plates, 
providing useful knowledge for practical engineering applications. The Blasius hybrid nanofluid flow over a 
permeable plate is hence the focus of this study. The objective is to comprehend the mathematical formulation 
and attempt to use the shooting method to solve the issue.   
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2. Mathematical Formulation 

According to the depicted physical model in Figure 1, there is a uniform upstream velocity U  along the x-axis. 

Furthermore, wu U  is utilized to denote the constant velocity of the plate. The flow is also influenced by the 

radiative heat flux qr , which acts in the positive y-direction perpendicular to the surface. The impact of viscous 
dissipation has been factored in. Additionally, the study assumes the consideration of a stable hybrid nanofluid, 
implying that there is no consideration for nanoparticle sedimentation/aggregation. The spherical shape and 
homogeneous size of the nanoparticles are among the presumed properties. Additionally, it is assumed that the 
base fluid and the nanoparticles are flowing at the same velocity in a state of thermal equilibrium by referring to 
[3] 

 
 

 
Fig. 1 The fluid and plate flow configurations can either move in the assisting flows (a) or in the opposing flows 

(b) ( [3]) 

In accordance with [4], [1], and [5], the governing equations for the hybrid nanofluid are as follows: 
 

                                                                         (1) 
 

                                                           (2) 

 

                            (3) 
 
Under the given boundary conditions, these can be written as follows: 
 

 
 

                   (4) 
 
where  denotes the mass flow velocity  and represents the velocities in the  axes, 

respectively. Furthermore, the temperature is indicated by , along with constant wall and free stream 

temperatures, indicated by T  and wT , respectively. Concerning [6], the radiative heat flux expression is as 

follows: 
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where  and  are the Stefan-Boltzmann constant and Rosseland mean absorption coefficient, respectively. 
Following Rosseland et al. (1931),  which transform (3) to: 

 

 (6) 

Using the formulas from the previous work, we determined the hybrid nanofluid's thermophysical 
characteristics, which are listed in Table 1. The volume fractions of Al2O3 and Cu nanoparticles are indicated as 

 and , respectively, in this context. In the meantime, the values for dynamic viscosity, density, heat capacity, 

specific heat at constant pressure, and thermal conductivity are, , , ,  and  respectively. Properties 

pertaining to Al2O3, Cu, hybrid nanofluid, nanofluid, and fluid are indicated by the subscripts , , ,  and 

 respectively. Table 2 lists the physical characteristics of the base fluid and the nanoparticles.  
 

Table 1 Thermophysical properties of nanofluid and hybrid nanofluid ([7]) 

Thermophysical Properties Correlations 

Thermal conductivity 

 

Heat capacity  

 

 

Density 
 

Dynamic viscosity 

 

 

Table 2 Thermophysical properties of the fluid and nanoparticles ( [8]) 

Properties Base Fluid Nanoparticles 

Water Cu Al2O3 

 997.1 8933 3970 

 4179 385 765 

 

 

0.613 400 40 

Prandtl number,Pr 6.2   
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2.1  Similarity transformation 

By referring to [4] and [1], the similarity variables are as follows: 
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where   and  such that  
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From (8), by setting , we obtain : 
 

1
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w
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fv indicates the kinematic viscosity of the underlying fluid in this case. Additionally, the suction/injection 

parameter (0)f S  where   (injection) and  (suction) denote permeable cases and  represents 

an impermeable case determines the surface's permeability. Equation (1) is also satisfied when Equations (7) 
and (8) are used. Equations (2) and (6) are therefore reduced to: 
 

         (10) 

 

  (11) 
 
with the boundary conditions: 
 

, ,  

,          (12) 
 
The local skin friction coefficient and local Nusselt number, which are defined as follows, are the physical 
quantities of interest: 
 

, 

 

 

      (13) 

 
Using equations Eq. (7) and Eq. (13) we obtain: 

,
     (14)
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where the local Reynold number is given as . 

3. Results and Discussion 

Using Maple's shooting method and Runge-Kutta-Fehlberg (RFK45), the similarity equations (9) and (10) are 
solved numerically, subject to the boundary condition equation (11). Tables and graphs are used to illustrate the 
outcomes analysis. In this investigation, the base fluid receives additions of 0.01 solid volume fractions of Cu and 

0.01 solid volume of Al2O3. As a result, different solid volume fractions of copper are added to produce a hybrid 
nanofluid of Cu- Al2O3/water. The majority of the results of the research are produced using the base fluid's 

Prandtl number, which remains at Pr 6.2 . Utilising Maple, the local Nusselt number '(0)  and the skin 

friction coefficient ''(0)f  are successfully determined. The Prandtl number Pr , nanoparticle volume fraction 

for copper 2 ,nanoparticle volume fraction for alumina 1 , radiation parameter,  and transpiration 

parameter ,  values are all the same as they were in the previous research. 

 

Table 3 The result values of for variant of  when 2 0R Ec    
 

  [4]  [3] Present results 

0 0.3321 0.33206 0.33206 

0.002 0.3339 0.33388 0.33388 

0.004 0.3357 0.33571 0.33571 

0.008 0.3394 0.33938 0.33938 

0.01 0.3412 0.34123 0.34123 

 

Table 4 The result values of  for variant of  when   

 Khasi’ie et al. [3] Present results 

0 0.62007 0.62007 

0.002 0.62241 0.62241 

0.004 0.62475 0.62475 

0.008 0.62943 0.62943 

0.01 0.63177 0.63177 

 

In Table 3, it is observed that the skin friction coefficient increases with a rise of 1  from 0 to 0.01. As 1  

increases, there is a corresponding augmentation in skin friction. The introduction of additional nanoparticles 
into the flow results in reduced flow motion, concurrently thinning the momentum boundary layer. 

Furthermore, the variation of the local Nusselt number, θ'(0), for different values of 1  is systematically 

explored under the conditions of  2 0R Ec     ,and Pr 6.2  as delineated in Table 4. This table is 

included for future reference, providing a comprehensive overview of the heat transfer characteristics under 
varied nanoparticle concentrations. A noteworthy observation emerges from Table 3.2 where in the present of 

1 , the rate of heat transfer at the surface experiences an increase. It can also be seen from both Table 3 and 

Table 4 that the comparison results are in good agreement. 
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Fig. 2 Velocity profile, and temperature profile,   for various values of . 

 

In Fig. 2, the increase in 
hnf  contributes to the increase of  It can be observed that as the 

temperature profiles ( )   decrease the nanoparticle volume fractions of 2 3Al O  increases. Therefore, the 

effect of nanoparticle volume fractions of 2 3Al O  is to decrease the heat transfer rate at the surface of the hybrid 

nanofluid. Besides, the effect of nanoparticle volume fractions of 2 3Al O  is to increase the velocity profiles of the 

hybrid nanofluid. 
 

 
 

 

Fig. 3 Velocity profile, and temperature profile,   for various values of   

 
Moreover, Fig. 3 illustrate the consequence of  on and when 

0.1, 0.02, 1, 0.1hnfS R Ec     and Pr 6.2 . Therefore, reduces the skin friction and rises the heat transfer 

rate at the surface of the hybrid nanofluid. 
 

= 0%,1%,2% 
=-0.39 , =0.1 

=0.1, =1,  
 
 

= 0%,1%,2% 
=-0.39 , =0.1 

=0.1, =1,  

=-0.2,-0.3,-0.35 
=0.1,

 =2% 
=0.1, =1,  

 

=-0.2,-0.3,-0.35 
=0.1,

 =2%
 

=0.1, =1,  
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Fig. 4 Velocity profile, and Temperature profile,  for various values of  

 

The velocity profile  and temperature profile ( )   for various  when 0.3, 0.02hnf     and 

Pr 6.2  are depicted in Fig. 4. It's noteworthy that the values of  in the first solution are higher for the 

suction case . Conversely, the suction case  diminishes the values of  ( )   in the first 

solution. 

 

  

 

Fig. 5 Temperature profile,  for various of          Fig. 6 Temperature profile,  for various values of  

 

Fig. 5 and 6 illustrate the influence of  and  on ( )   for selected parameters. The first solution of  

( )   exhibits an increasing trend, while the second solution fluctuates with the rise of . Additionally, the 

values of  ( )   for both solutions increase as   increases. 

 

=-0.1,0,1, =--0.3, 

=2%
 

=0.1, =1,  

=-0.1,0,1, =--0.3, 

=2%
 

=0.1, =1,  
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 =0,1,2,  
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=2%
 

 =0,0.1,0.2,  
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4. Conclusion 

The present study examines the properties of Blasius flow over a permeable plate with Cu- Al2O3 hybrid 
nanoparticles, taking radiative heat transfer and viscous dissipation into consideration. The Al2O3 and Cu 
nanoparticle volume fraction, transpiration parameter, radiation parameter, Prandtl number, local Nusselt 
number, and Eckert number are some of these variables. Temperature and velocity characteristics are covered 
in the study as well. A comparison with [3] shows a high degree of consistency, validating the numerical results. 
An interesting discovery is that increasing the volume fraction of alumina nanoparticles produces lower 
temperature profiles but greater velocity profiles for a fixed amount of copper nanoparticles. The hybrid 
nanofluid surface experiences a decrease in the rate of heat transfer as a result of this phenomenon. 
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