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This research presents analysis on the steady MHD flow of an 
incompressible, electrically conducting Al2O3-Cu/H2O towards a two-
dimensional stretching/shrinking sheet with quadratic velocity. The 
base fluid is water, whereas the two nanoparticles in the fluid are 
alumina and copper. A similarity transformation is used to convert the 
governing equation from partial differential equations to ordinary 
differential equations using a set of similarity variables, and then the 
solutions are obtained using the shooting technique with RKF45 
method in Maple software. The results of these findings dependents on 
the different value of parameters such as volume fraction 
nanoparticles, magnetic parameters, and transpiration parameters. It 
is found that the skin friction coefficient increases as the volume of Cu 
nanoparticle magnetic parameter and transpiration parameter 
increase. 
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1.  Introduction 

Nanofluid is a fluid that contains suspended nanoparticles ranging in size from 1 to 100 nanometers. When these 
nanoparticles are introduced to a base fluid, the viscosity and thermal conductivity of the fluid alter. [1] at the 
American Argonne National Laboratory was the first that introduced the concept of nanofluid. This fluid has new 
features that are particularly useful in a variety of applications requiring heat transfer phenomena, such as hybrid 
powered engines, automotive thermal management, solar water heating, heat exchangers, nuclear system cooling, 
freezers, and microelectronics. The extension of nanofluid that consists of two separate nanoparticles dispersed 
in the primary fluid is called hybrid nanofluid. The behavior of these fluids at changing flow conditions is 
investigated in the research of hybrid nanofluid flow. Researchers have recently looked at hybrid nanofluids, 
which are made by combining many nanoparticles with the cutting fluid in order to make use of the tribological 

principles of each addition. 

Magnetohydrodynamics (MHD) is the study of the dynamics of electrically conducting materials. It consists 

of three words magneto, hydro, and dynamics, which stand for magnetic effects, water, and movement. According 
to [2] MHD is the study of electrically conducting fluids in the presence of a magnetic field. Most of the studies on 
electrically conducting flows demonstrate the addition of a magnetic field considerably changes their heat transfer 
characteristics. Power generators, nuclear reactors, and heat exchangers are a few real-world examples of fluid 
movement in a magnetic field. In addition, [3] studied the MHD focuses on how an electrically conducting fluid 
moves in a magnetic field, which may be used to regulate how the system transfer’s heat. Theoretically, magnetic 
fields may cause a drag force called the Lorentz force to act on a fluid in motion, delaying the flow and raising the 
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fluid's temperature and concentration. However, the addition of the magnetic field effectively delays the boundary 
layer's separation. A sampling of the numerous sectors that employ MHD include metal casting, crystal growth, 
adjustable optical fibre filters, optical grafting, MHD generators, and the polymer industry, including the 
metallurgical process and stretching of plastic sheets [4-6].  

Moreover, [7] investigated the deduction of a quadratic velocity field and its application to rolling force of 
extra-thick plate. In this research, the kinematically admissible criterion is met by constructing a quadratic 
velocity field. Using the programme ANSYS/LS-DYNA, the change law of metal flow in the deformation zone is 
examined to verify the accuracy of the suggested velocity field. A three-dimensional rolling force model for extra-
thick plate is created using this velocity field as the foundation. In the analysis, the issue of integral difficulty 
brought on by the nonlinear Mises yield criteria is resolved, and the internal power of deformation is calculated 
using the inner product approach and cumulative summation of vector components.  

Aside from that, due to its widespread use, the study of boundary layer flows caused by stretching or shrinking 
surfaces has been extensively investigated. The flow and heat transfer characteristics produced by stretching and 
contracting surfaces are also frequently used in engineering processes like lamination, melt-spinning, continuous 
casting, spinning of fibres, aerodynamic extrusion of plastic sheets, material-handling conveyors, and 
condensation techniques. The first researcher who established the distinction between the boundary layer on a 
surface of limited length and a solid surface was [8]. In order to solve the two-dimensional Navier-Stokes 
equations beyond a stretched sheet, [9] expanded the work and found a precise solution. In research on the 
viscous flow caused by a decreasing sheet, [10] discovered the precise solutions, both in numerical and closed 
form. Additionally, they note that in order to maintain the flow behaviour, there must be enough suction on the 
surface. Thus, when comparing the behaviour of the boundary layers on a surface of limited length and constant 
velocity, [11] explored the characteristics of laminar flow in a boundary layer on an expanding sheet. The study 
argued that the validity of the linear stretching assumption may only be partial and application specific.  

Therefore, the literature contains a review of nanofluid and hybrid nanofluid for further study. Thus, the 
purpose of this research is to examine the MHD hybrid nanofluid flow over a shrinking sheet with quadratic 
velocity. The issue is to understand the mathematical formulation and try to solve the problem by using the 
shooting technique with Runge-Kutta-Fehlberg (RKF45) method in Maple software. In a prior investigation, [3] 
employed the bvp4c solver to address a similar issue. Consequently, in the present study, we will compare our 
results with those obtained by [3] to validate the findings. 

2. Research Method 

A steady MHD flow towards a two-dimensional shrinking sheet with quadratic velocity of incompressible 
conductive Al2O3-Cu/H2O is considered. As shown in Figure 1, x and y are measured towards and normal to the 

shrinking sheet, corresponding to the plane y = 0, the flow is restricted to y ≥ 0. In the positive y- direction of the 

sheet, a transverse uniform magnetic field 𝐵0 is applied. The velocity of the shrinking sheet is taken as  𝑢𝑤(𝑥) =
𝑎𝑥 + 𝑏𝑥2 and  𝑣𝑤(𝑥) = 0 respectively, whereas both  𝑢𝑤(𝑥) and  𝑣𝑤(𝑥) represent the fluid velocity but at the 

different locus. In this case, 𝑢𝑤(𝑥) denotes the fluid velocity far away from the shrinking sheet, while 𝑣𝑤(𝑥) 

symbolizes the velocity of the mass that penetrates the sheet’s surface. 𝑇∞ represents the temperature of hybrid 

nanofluid far from the shrinking sheet, while 𝑇𝑤  represents the temperature of hybrid nanofluid at the sheet 
surface. 
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Fig. 1 The physical model and coordinate system  

The governing equation of the hybrid nanofluid are [3]: 
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subject to the boundary conditions that can be expressed as: 
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where u and v are the velocity component on x-axis and y-axis, a and b are shrinking constant, 𝜆 is the shrinking 
parameter and T is the hybrid nanofluid temperature. Further, 𝜇ℎ𝑛𝑓 is the dynamic viscosity of hybrid nanofluid, 

𝜌ℎ𝑛𝑓  is the hybrid nanofluid density, 𝑘ℎ𝑛𝑓  is the conductivity of thermal hybrid nanofluid, 𝜎ℎ𝑛𝑓  is the electrical 

conductivity of hybrid nanofluid and (𝜌𝐶𝑝)ℎ𝑛𝑓  is the hybrid nanofluid heat capacity. For instance, 𝑣𝑤(𝑥) 

represents the velocity of the mass that penetrates the sheet's surface, whereas 𝑢𝑤(𝑥) represents the fluid velocity 
far from the shrinking sheet. Hybrid nanofluid temperature at the sheet surface is represented by 𝑇𝑤 , whereas 
hybrid nanofluid temperature further from the shrinking sheet is represented by 𝑇∞. Further, Table 1 presents 
the thermophysical correlations of hybrid nanofluid. Meanwhile, Table 2 displays the properties of nanoparticles 
and water. Note that alumina oxide and copper are the nanoparticles, and their volume fractions are symbolized 
by 𝜙1 and 𝜙2, respectively.   

The similarity transformation variables are as follows: 
 
 

𝑢 = 𝑎𝑥𝑓′(𝜂) + 𝑏𝑥2𝑔′(𝜂), 𝑣 = −√𝑎𝑣𝑓𝑓(𝜂) −
2𝑏𝑥

√
𝑎
𝑣𝑓

𝑔(𝜂), 

𝜃(𝜂) =
𝑇 − 𝑇∞

(𝑇𝑤 − 𝑇∞)
, 𝜂 = 𝑦√

𝑎

𝑣𝑓

 

 
 
 
(5) 

 

where 𝜂 is the independent similarity variable, 𝑓(𝜂) and  𝑔(𝜂) is the dimensionless stream function. 
So that: 

 

𝑣𝑤 = −√𝑎𝑣𝑓𝑆1 −
2𝑏𝑥

√
𝑎
𝑣𝑓

𝑆2 
 

(6) 

 

Here  𝑆1  and 𝑆2  are transpiration parameters with ( 𝑆1, 𝑆2) > 0 for suction and  are for injection or 
blowing parameter. 
 
By using the similarity variables (5), equation (2)-(3) are converted to: 

  
 

(7) 
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(10) 
Subject to the boundary conditions: 
 

 

 
 

 
(11) 

 
Integrating equation (10) with the boundary conditions (11), we get:  
 

 (12) 
  
Therefore, the ordinary differential equations are,  
 

𝜇ℎ𝑛𝑓 / 𝜇𝑓

𝜌ℎ𝑛𝑓 /𝜌𝑓

𝑓′′′ + 𝑓𝑓′′ − 𝑓′2
−

𝜎ℎ𝑛𝑓
𝜎𝑓

𝜌ℎ𝑛𝑓
𝜌𝑓

𝑀𝑓′ = 0 , 

 

 
(13) 

1

𝑃𝑟

𝑘ℎ𝑛𝑓 / 𝑘𝑓

(𝜌𝐶𝑝)ℎ𝑛𝑓 /(𝜌𝐶𝑝)𝑓

𝑔" + 𝑓𝑔′ − 2𝑓′𝑔 = 0 , 
 
(14) 

 
subject to boundary condition, 
 

𝑓(0) = 𝑆1 , 𝑔(0) = 𝑆2  , 𝑓′(0) = 𝜆 , 
 

𝑓′(𝜂) → 0 , 𝑔′(𝜂) → 0    as    𝜂 → ∞ 
 

 
 
(15) 

 
where the Prandtl number Pr and M appears to be the magnetic parameter are defined as 
 

𝑃𝑟 =
𝑣𝑓

𝑎𝑓

, 𝑀 =
𝜎𝑓

𝜌𝑓

𝐵0
2

𝑎
 

 
(10) 
 

 

The physical quantities of interest are the skin friction coefficients 𝐶𝑓 which is defined as 

 

𝐶𝑓 =

𝜇ℎ𝑛𝑓

𝜇𝑓

𝜌𝑓(𝑎𝑥)2
(
𝜕𝑢

𝜕𝑦
)𝑦=0  , 

 

 
 
(17) 

 
using (5) and (17), we get 
 

𝑅𝑒𝑥
1 2⁄

𝐶𝑓 =
𝜇ℎ𝑛𝑓

𝜇𝑓

[𝑓"(0)  + 𝛽𝑥𝑔"(0)]  ,  
(18) 
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where  𝑅𝑒𝑥 = (𝑎𝑥)𝑥/𝑣𝑓  and  𝛽 is a dimensionless parameter defined as 𝛽 = 𝑏/𝑎. 

 

Table 1: Thermophysical properties of hybrid nanofluid by [3] 

 
Properties Hybrid nanofluid 

 

Heat capacity 

 

 

 

Dynamic viscosity 

 

 

 

 

Thermal 

Conductivity 

 

 

 

 

 

 

 

 

 

where, 

 

Density 

 
 

 
 
 
 
 
 
 

Table 2: Thermophysical of nanoparticles and water by [3] 

 
Physical properties Al2O3 Cu H2O 

 

(kg/ ) 

 

3970 8933 997.1 

𝒄𝒑(J/kgK) 

 

765 385 4179 

𝑘(W/mK) 

 

40 400 0.613 

(mK) 0.85 1.67 21 
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3. Result and Discussion  

 
To validate the accuracy of this study, the obtained results are compared to the existing study by [3] for several 

graphs. The effect on velocity profiles, 𝑓′(𝜂) for various values of 𝜙2 are shown in Figure 2. In this figure, the 

volume fractions of Cu nanoparticles are set as 𝜙2 = 0.00, 0.02 and 0.04 with fixed values of shrinking parameter 

𝜆 = −1.3, volume fractions of Al2O3 nanoparticle 𝜙1  =0.02, magnetic parameter M = 0.2, transpiration parameter 

𝑆1= 2.1 and 𝑆2= 1.0, and Prandtl number Pr = 6.2. The comparison results from the graphs shows good agreement. 
The presence of the second solution relates to solution bifurcations, which are caused by the nonlinearity of the 
ordinary differential equations system and variations in the shrinking parameter or other governing factors. Fig. 

2 also shows that when the volume fraction of nanoparticles 𝜙2 increases, the fluid velocity increases due to an 
increase in fluid viscosity. As the volume fraction of nanoparticles increases, the thickness of the momentum 
boundary layer in this figure decreases, leading to a heightened velocity gradient and fluid velocity. 
 

    

a)      Zainal et al. [3]                                                                  b)     Present results 

Fig. 2 Velocity profiles at three different values of 𝜙2. 

 

The graph in Fig. 3 shows the comparison of velocity profiles with different values of magnetic parameter M 
= 0.00, 0.10 and 0.20. The values of shrinking parameter 𝜆 = −1.2, volume fractions of nanoparticles 𝜙1 =0.02 and 
𝜙2 =0.02, transpiration parameter 𝑆1 = 2.1 and 𝑆2 = 1.0, and Prandtl number Pr = 6.2 are used. In an electrically 
conducting fluid, the presence of a magnetic field encourages the Lorentz force, which is a resistive force. Because 
of the resistance this force creates to the fluid particle's motion, the fluid's velocity is decreased. The Lorentz force 
establishment causes the magnetic and electrical fields to synchronize, which slows down the conducting fluid's 
motion close to the boundary layer. As a result, the increment of M increase 𝑓"(0), which then result in the 
increment of the friction drag exerted on the sheet surface. This figure also shows good agreement between the 
previous and the present results. 

 

First Solution 

Second Solution 

Values of Volume fractions 
Cu nanoparticles: 
 
Green = 0.00 
Blue    = 0.02 
Red     = 0.04 
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a)       Zainal et al. [ 3]                                                                  b)        Present results 

Fig. 3 Velocity profiles at three different values of M. 

 

Lastly, Fig. 4 present comparison of velocity profiles for various values of transpiration parameter 𝑆1 which 

are set as 2.1, 2.3 and 2.5 with fixed values of shrinking parameter 𝜆 = −1.3, volume fractions of nanoparticles 𝜙1 

=0.02 and 𝜙2 =0.02, magnetic parameter M = 0.2, transpiration parameter 𝑆2= 1.0, and Prandtl number Pr = 6.2.  

Good agreement is also observed from both previous and present results. The increment of 𝑆1  increase the 
permeability of the sheet, which assists in trapping the low-speed molecules. Eventually, this increases the fluid 

velocity past the shrinking sheet. The velocity profile in this figure show that increasing sheet permeability 𝑆1 
reduces the thickness of the momentum boundary layer, increases fluid velocity, and accentuates the velocity 
gradient. 

 

 

a)    Zainal et al. [3]                                                          b)       Present results 

Fig. 4 Velocity profiles at three different values of 𝑺𝟏. 

4. Conclusion 

The MHD hybrid nanofluid flow over a shrinking sheet with quadratic velocity has been analyzed in this study. 
The objectives of this research have been achieved. From this study, the first objective that is to transform the 
governing equation of the MHD hybrid nanofluid by employing the usual boundary layer, from PDEs to ODEs using 
the similarity transformation technique has been reached. The second objective also has been obtained since we 
have solved the transformed governing equations using shooting method with RKF45 technique in Maple software. 
The last objective is to compare and analyze the effect on velocity profile with various parameters such as volume 
fraction of Cu nanoparticles, magnetic parameter and transpiration parameter also has been discussed as follows: 

   

Values of magnetic 
parameter M: 
 
Green = 0.00 
Blue    = 0.10 
Red     = 0.20 

First Solution 

Second Solution 

Values of transpiration 
parameter: 
 
Green = 2.10 
Blue    = 2.30 
Red     = 2.50 

First Solution 

Second Solution 
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•As the volume fraction of nanoparticles increases, the thickness of the momentum boundary layer 
decreases, leading to a heightened velocity gradient and fluid velocity. 
•The increment of magnetic parameters, M increase the skin friction 𝑓"(0), which then result in the 
increment of the friction drag exerted on the sheet surface. 
•Increasing sheet permeability 𝑆1 reduces the thickness of the momentum boundary layer, increases fluid 
velocity, and accentuates the velocity gradient. 
Lastly, we compare the results obtained in this study with results of the [3] in order to prove the validity of 

the results obtained and the comparison shows a good agreement. 
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