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Abstract: In this study, fourth order ordinary differential equation is solved by
using a semi analytical solution which is differential transform method (DTM). A
computational works done by Maple 2022 to obtain the approximate solutions of
fourth order ordinary differential equation and proved that it saves amount of time
and less work need to do. Numerical results obtained using DTM is compared with
first block method (FBM) and Adomian decomposition method (ADM) by
previous researchers to discover the accuracy of different method with exact
solutions. The result of accuracy of DTM shows that it is depends on equation of
fourth order ordinary differential equation and terms in DTM. DTM have succeed
in solving three examples. Furthermore, DTM is considered as one of the simplest
methods to apply in solving ordinary differential equation problems.
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1. Introduction

Zhou [1] proposed the differential transform method (DTM) as an algebraic method for solving
nonlinear and linear ordinary differential equation (ODE) [2]. Since the traditional method, Taylor
series is too complex to solve differential equations, DTM offers structured and high capability method
to solve both linear and nonlinear values [3], and also act as an extended version of Taylor series method
[4]. Ayaz had successfully evolved a differential equation system by using DTM [5] and it is proven
that DTM as an alternative method provides more benefits and approximate solutions [6].

Real-world problems such as in an engineering sector use ODE to apply theory and identify the best
method of solution and real applications. The high ODE appears in various fields around the world. For
example, fourth order ODE that controls the analysis of vibration of beam structure is connected with
multi-boundary conditions which make it well solved by using high-order ODE. In this project, we want
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to explore on the method of DTM for solving fourth order ODE and analyse the analytical solution to
develop an algorithm of DTM.

Fourth order ODE general form is

yIIII — f(x'y’yl’yll'ylll)’ Eq. 1

y(@) = no,y'(a) = n,y"(a) = 13,y (a) = n3. Eq. 2

Many authors extensively studied about high order differential equations and provide various
techniques to solve them. Many authors discovered the oscillation behaviour of high order ODE [7] and
researched more about it [8] for higher order with continuously distributed delay [9].

The aim of this paper is to obtain fourth order ODE using DTM. Three examples are used to
demonstrate the accuracy and precision of the DTM. The result obtained are then compared with the
exact solution and two other methods.

2. Materials and Methods

The kth derivative of the differential transformation for the function y(x) is defined as follows:

{dk)/(x)} Eq. 3

Y(=1

k!l dx

where y(x) and Y(K) are the original function and the transform function respectively, and the differential
inverse transformation of Y(k) is defined as

y(X) =Y (K)(x=%)" . Eq. 4

k=0

The fundamental operations performed by differential transformation as follow in Table 1.

Table 1: The fundamental operation performed by differential transformation

Original functions Transformed functions
y(x)=g(x)£h(x) Y (k)=G(k)=H (k)
y(x)=cg(x) Y (k) =cG(x), where c is constant
y(x)=y'(x) Y (k)=(k+1)Y (k+1)
y(x) = y"(x) Y(k)=(k+1)(k+2)Y(k+2)
0= ftg-atm -} 10T
y(x)=y"(x) Y (k)=(k+1)(k+2)...(k +m)Y (k+m)
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y(x)=e* e ifk=0
Y(k)={ ka
(k) aZrT”Y(Hl)F(k—r—l) ifk>1
r=0
3. Results and Discussion
Example 1. Given fourth order ODE [10]
y'" =x Eq.5
with initial conditions
y(0)=0,y'(0) =1,y"(0) =0,y""(0) =0, Eq. 6

where the exact solution given

XS
(@) = 2ot x

120
. Eq.7
By applying DTM, we will obtain as follows:
k+4)!
( ] ) Y(k+4)=6(k—-1).
' Eq. 8
By applying Table 1, the initial conditions can be transformed as
Y(0)=0,Y(1)=1Y(2)=0,Y(3) =0 Eq. 9
Then, at k = 0,1,2,3, we obtain
Y(4) =0
1
Y(6)=0
Y(7)=0 Eq. 10
Then, we combine all the terms to become a Taylor series as follow:
1
= 45
Y(x) = 12Ox +x+
Eqg. 11

Figure 1 shows that the DTM is an effective method. It is because the data is aligned with the exact
solution. Table 2 shows the result of DTM accurate with exact solution while Table 3 shows first block
method solution also nearly accurate as exact solution which conclude the accuracy of DTM and first
block method (FBM) for this example.

Table 2: Numerical solution of DTM for example 1

X Exact Solution DTM Absolute error

0 0.0000000000 0.0000000000 0.0000000000
0.1 0.1000000833 0.1000000833 0.0000000000
0.2 0.2000026667 0.2000026667 0.0000000000
0.3 0.3000202500 0.3000202500 0.0000000000
0.4 0.4000853333 0.4000853333 0.0000000000
0.5 0.5002604167 0.5002604167 0.0000000000
0.6 0.6006480000 0.6006480000 0.0000000000
0.7 0.7014005833 0.7014005833 0.0000000000
0.8 0.8027306667 0.8027306667 0.0000000000
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0.9 0.9049207500
1 1.0083333333

0.9049207500
1.0083333333

0.0000000000
0.0000000000

Table 3: Absolute error of DTM and FBM with minimum absolute error to exact solution for

example 1
X DTM FBM Minimum
0 0.0000000000 0.0000000000 0.0000000000
0.1 0.0000000000 0.0000000000 0.0000000000
0.2 0.0000000000 0.0000000000 0.0000000000
0.3 0.0000000000 0.0000000000 0.0000000000
0.4 0.0000000000 0.0000000000 0.0000000000
0.5 0.0000000000 0.0000000000 0.0000000000
0.6 0.0000000000 0.0000000000 0.0000000000
0.7 0.0000000000 0.0000000000 0.0000000000
0.8 0.0000000000 0.0000000000 0.0000000000
0.9 0.0000000000 0.0000000000 0.0000000000
1 0.0000000000 0.0000000000 0.0000000000
1 "
120 xs +x
1_
0.8
0.6
0.4
0.21
0 . v . -
0 0.2 0.4 0.6 0.8
‘— Exact Soll]tio;l DTMl
Figure 1: Exact solution and DTM
Example 2 for fourth order ODE is as follows [10]:
y'"" —=10y" +9y =0 Eqg. 12
with initial conditions
y(0) =5,y'(0) = —-1,y"(0) = 21,y""(0) = —49
Eq. 13
where the exact solution is
y(x) = 4e* —e ¥ + 2¢73%
Eq. 14
After applying DTM, we obtained
k+4)! k+ 2)! k+1)!
( ] ) Y(k+4)—10[( ] ) Y(k+2)]+9[( 7 ) Y(k+1)] =0
Eq.15
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The initial condition can be transformed as

21 9
Y(0) = 5Y(1) =-1Y(2)=—,¥(3) = —

6
Eqg. 16
Then, at k = 0,1,2,3, we obtain
Y(4) = 73
8
ves) = - 872
120
Y(6) = 877
T 240
(7 = 8761
© 5040
Eq. 17
Then, we combine all the terms to become a Taylor series as follow:
Yoo = 5 LA, 49, T3, 679 o 877 o 8761 .
M=o o X X T e T g Y T 120 T 240° T 50a0”
Eqg. 18

Figure 2 shows that ADM is much closer with the exact solution compared to DTM and it proved
that ADM is more accurate. Table 4 shows that ADM numerical solution is near to exact solution while
Table 5 shows the DTM solution results.

Table 4: Numerical solution of DTM for example 2

X Exact Solution DTM Absolute error

0 5.000000000 5.000000000 0.000000000
0.1 4.997482695 4.997692730 0.000021003
0.2 5.164503551 5.167667617 0.000316406
0.3 5.471756330 5.486946473 0.015190143
0.4 5.899367170 5.945111447 0.045744277
0.5 6.434614744 6.541172185 0.106557441
0.6 7.070261340 7.280435703 0.210174363
0.7 7.803338381 8.170502847 0.367164466
0.8 8.634270655 9.215515269 0.581244614
0.9 9.566253810 10.40777678 0.841522970

1 10.60482201 11.71587301 1.111051000

Table 5: Absolute error of DTM and ADM with minimum absolute error to exact solution for

example 2
X DTM ADM Minimum
0 0.000000000 0.000000000 0.000000000
0.1 0.000021003 0.000002198 0.000002198
0.2 0.000316406 0.000135231 0.000135231
0.3 0.015190143 0.001481306 0.001481306
0.4 0.045744277 0.008011010 0.008011010
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0.5 0.106557441 0.000000000 0.000000000
0.6 0.210174363 0.029438962 0.029438962
0.7 0.367164466 0.084747100 0.367164466
0.8 0.581244614 0.206174992 0.206174992
0.9 0.841522970 0.443517375 0.443517375
1 1.111051000 0.868599343 0.868599343
YA)-10 y'+9 y=0
114
104
o
o
74
o
50 02 0.4 7 06 08 1
|— = Exact Solution DM —— ADM]
Figure 2: Exact solution, DTM and ADM solution.
Example 3. Considered as follow [10]:
y*—3y" -4y =0 Eq. 19
with initial condition
1
y(0) =1,y'(0) = g,y”(O) =0,y""(0)=0
Eq. 20
and its exact solution is
( _1[7 2x+1 _x+12 +4_ ]
yx)—3 20e 2 5cosx 5$lnx
Eqg. 21
After applying DTM, we obtained
k+4)! k+2)! k+1)!
( )Y(k+4)—3[( )y(k+2)]—4[( )Y(k+1)]=0
k! k! k!
Eqg. 22
Besides, the initial condition can be transformed into
1
Y(0)=1Y(1) = §,Y(2) =0,Y(3)=0
Eq. 23
Then, at k = 0,1,2,3, we obtain
Y(4) = —
18
Y(5)=0
Y(6) = —
B 1&130
Y(7) = —
7) 945
Eqg. 24
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Then, we combine all the terms to become a Taylor series as follow:

Y()—1+1 + ! ‘4 ! ®+ ! 7+
V=213 X T 78 T 180" T oas”
Eqg. 25

Figure 3 compares the result of numerical solution, DTM and ADM which shows that ADM is more
accurate compare to DTM which has slightly difference with exact solution. DTM method is convert
from 0 until 0.4 and started to divert from 0.5 until infinity. To avoid this matter from continue divergent,
DTM method should be modified. This conclude that ADM is better than DTM.

Table 6: Numerical solution of DTM for example 3

X Exact Solution DTM Absolute error
0 1.000000000 1.000000000 0.000000000
0.1 1.040525683 1.033338895 0.0007186788
0.2 1.079305528 1.066755926 0.0125496020
0.3 1.117389958 1.100454281 0.0169356770
0.4 1.156200132 1.134780045 0.0214200870
0.5 1.197589961 1.170233962 0.0273559990
0.6 1.243921095 1.207488823 0.0003491880
0.7 1.298153904 1.247412975 0.0507409290
0.8 1.363958188 1.291100500 0.0728576880
0.9 1.445848160 1.339908584 0.1059395760
1 1.549347273 1.395502646 0.1538446270

Table 7: Absolute error of DTM and ADM with minimum absolute error to exact solution for

example 3

X DTM ADM Minimum

0 1.000000000 0.000000000 0.000000000
0.1 1.033338895 0.000717555 0.000717555
0.2 1.100454281 0.012367560 0.012367560
0.3 1.134780045 0.016000608 0.016000608
0.4 1.170233962 0.018416527 0.018416527
0.5 1.207488823 0.019891238 0.019891238
0.6 1.247412975 0.020650613 0.020650613
0.7 1.291100500 0.020887406 0.020887406
0.8 1.339908584 0.020781881 0.020781881
0.9 1.395502646 0.020529389 0.020529389

1 1.100454281 0.020379019 0.020379019

106



Hisamudin et al., Enhanced Knowledge in Sciences and Technology Vol. 3 No. 2 (2023) p. 100-108

7 1

2x -X 4 4 .
50 © + T + 5 cos(x) + 15 sin(x)

0 02 04 0.6 08 1

X

|— = Exact Solution DTM ADMI

Figure 3: Exact solution, DTM and ADM solution

4. Conclusion

DTM can be improved by modifying it to become into a higher term which will provide more

accurate result to exact solution but it requires more complex computational work. In this project, DTM
has successfully solve the three examples of fourth order ordinary differential equation. Although some
results might differ than exact solution, but it still follows the trend and considered as less computational
and easy way to solve ODE problem by using Maple 2022. Improvements can be made by two
recommendations which are improve DTM algorithm to make it more accurate to exact solution and
modify the differential transform method.
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