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A Short Mathematical Revision

0.1	 Definition of Derivative

The derivative of the function 

 

 

 A Short Mathematical Revision 

0.1 Definition of Derivative 

The derivative of the function 𝑦𝑦 = 𝑓𝑓(𝑥𝑥), sometimes written as 𝑑𝑑𝑑𝑑 𝑑𝑑𝑑𝑑⁄  or 𝑓𝑓′(𝑥𝑥) is defined 

as the slope of the tangent line to the curve 𝑦𝑦 = 𝑓𝑓(𝑥𝑥) at the point (𝑥𝑥, 𝑦𝑦). This slope is obtained 

by a limit, and is defined as, 

 
( ) ( ) ( )

0
lim
h

f x h f x
f x

h→

+ −
 =  (0.1) 

0.1.1 Differentiating a combination of functions 

Sum or difference rule 

The derivative of the sum of 𝑓𝑓(𝑥𝑥) and 𝑔𝑔(𝑥𝑥) is (𝑓𝑓 + 𝑔𝑔)′ = 𝑓𝑓′ + 𝑔𝑔′. 

Similarly, the derivative of difference is  (𝑓𝑓 − 𝑔𝑔)′ = 𝑓𝑓′ − 𝑔𝑔′. 

Product rule 

The derivative of the product of 𝑓𝑓(𝑥𝑥) and 𝑔𝑔(𝑥𝑥) is, 

 ( )f g f g f g  = +   

and should be memorized as “the derivative of the first times the second plus the first times the 

derivative of the second.” 
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 ( )
2

f g f gf
g g

  − 
= 

 
  

and should be memorized as “the derivative of the top times the bottom minus the top times the 

derivative of the bottom over the bottom squared.” 

Chain rule 

The derivative of the composition of 𝑓𝑓(𝑥𝑥) and 𝑔𝑔(𝑥𝑥) is, 

 ( )( ) ( )( ) ( ).f g x f g x g x   =    

and should be memorized as “the derivative of the outside times the derivative of the inside.” 

0.1.2 Differentiating elementary function 

Power rule 

The derivative of a power of 𝑥𝑥 is given by, 

 ( ) 1
p

p
d x

px
dx

−=   

Trigonometric functions 

The derivatives of sin 𝑥𝑥 and cos 𝑥𝑥 are, 

 ( ) ( )sin cos and cos sinx x x x = = −   

We can say that “the derivative of sine is cosine,” and “the derivative of cosine is minus sine.” 

For the second derivatives of both sin 𝑥𝑥 and cos 𝑥𝑥, its satisfy, 

 ( ) ( )sin sin and cos cosx x x x = − = −   

 and  
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0.1.2	 Differentiating Elementary Function
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Trigonometric functions

The derivatives of  sin x and cos x are,
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We can say that “the derivative of sine is cosine,” and “the derivative of cosine is minus 
sine.” For the second derivatives of both  sin x and cos x, its satisfy,
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Ordinary Differential Equations 

– Basic Concepts

1.1	 Introduction

In our daily life, there are a number of problems that rise to different types of a differential 
equation. A differential equation is an equation for a function that relates the values of 
the function to the values of its derivatives. As a simple briefing, an ordinary differential 
equations (ODEs) is a differential equation for a function of a single variable, for example 
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(ODEs) is a differential equation for a function of a single variable, for example 𝑥𝑥(𝑡𝑡), while a 

partial differential equations (PDEs) is a differential equation for a function of several 

variables, such as 𝑉𝑉(𝑥𝑥, 𝑦𝑦, 𝑡𝑡). An ODEs contains ordinary derivatives and a PDEs contains 

partial derivatives. As we can see that the PDEs have several variables and typically PDE’s are 

much harder to solve than ODE’s. For the beginning, we will start with the understanding of 

basic concepts of ODE. 

Solution of the engineering problem (basically in daily life problem that related to ODEs) 

begins with deriving the problem from physical or other problems (modelling), solving them 

by standard mathematical methods, and interpreting solutions and their graphs in terms of a 

given problem, as simplified in Figure 1.1. 

Physical 
system

Mathematical 
model

Mathematical 
solution

Physical 
interpretation

 

Figure 1.1: Modelling, solving and interpreting 

Let consider some examples of the problem around that involves ordinary differential 

equations (ODEs). Classical case of the motion of an object that falls under the influence of 

gravity can be expressed in term of ODEs as, 
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Let consider some examples of the problem around that involves ordinary differential 
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 2

2
d y g
dt

=  (1.1) 

where 𝑦𝑦 is a distance travelled by the object in time 𝑡𝑡. 

In heat transfer, the rate of cooling of some object is determined by Newton’s Law of 

cooling. Newton’s Law of cooling state that the rate of change of temperature (in time) is 

directly proportional to the difference between the temperature of the object and that of the 

surrounding temperature. The statement can be written in ODEs as,  

 ( )s
dT k T T
dt

= − −  (1.2) 

where 𝑇𝑇 is the temperature of the body while 𝑇𝑇𝑠𝑠  is surrounding temperature at time 𝑡𝑡. The 

constant 𝑘𝑘 here known as a constant of proportionality, represents how fast the heat propagates. 

For application in mechanical motion, we can see some examples that relate with spring 

system. For the free oscillations, a basic mechanical system consisting of a mass on an elastic 

spring, which moves left and right. The system can be written in ODEs as, 

 2

2 0d x dxm c kx
dtdt

+ + =  (1.3) 

where 𝑚𝑚, 𝑐𝑐 and 𝑘𝑘 are the mass, damper coefficient and spring constant, respectively, and 𝑥𝑥 is 

the displacement of the body from its equilibrium position at time 𝑡𝑡. 

Each examples of ODEs above, we need to determine a solution which is in the form of 

dependent variable expressed in terms of it independent variables. For the case of object that 

falls under the influence of gravity, the solution is 𝑦𝑦 in terms of 𝑡𝑡. 𝑇𝑇 in terms of 𝑡𝑡 for the heat 

transfer case and 𝑥𝑥 in terms of 𝑡𝑡 for the spring system case. The solution for each cases known 

as a general solution since the solution have some constants.  To obtain the particular solution 

of the ODEs, we need to have an initial and boundary condition which is also be discuss briefly 

in this basic concept of ODEs.  

(1.1)

where y is a distance travelled by the object in time t .

In heat transfer, the rate of cooling of some object is determined by Newton’s Law of 
cooling. Newton’s Law of cooling state that the rate of change of temperature (in time) is 
directly proportional to the difference between the temperature of the object and that of 
the surrounding temperature. The statement can be written in ODEs as, 

12                                                                                                            Differential Equations 

 

 2

2
d y g
dt

=  (1.1) 

where 𝑦𝑦 is a distance travelled by the object in time 𝑡𝑡. 

In heat transfer, the rate of cooling of some object is determined by Newton’s Law of 

cooling. Newton’s Law of cooling state that the rate of change of temperature (in time) is 

directly proportional to the difference between the temperature of the object and that of the 

surrounding temperature. The statement can be written in ODEs as,  

 ( )s
dT k T T
dt

= − −  (1.2) 

where 𝑇𝑇 is the temperature of the body while 𝑇𝑇𝑠𝑠  is surrounding temperature at time 𝑡𝑡. The 

constant 𝑘𝑘 here known as a constant of proportionality, represents how fast the heat propagates. 

For application in mechanical motion, we can see some examples that relate with spring 

system. For the free oscillations, a basic mechanical system consisting of a mass on an elastic 

spring, which moves left and right. The system can be written in ODEs as, 

 2

2 0d x dxm c kx
dtdt

+ + =  (1.3) 

where 𝑚𝑚, 𝑐𝑐 and 𝑘𝑘 are the mass, damper coefficient and spring constant, respectively, and 𝑥𝑥 is 

the displacement of the body from its equilibrium position at time 𝑡𝑡. 

Each examples of ODEs above, we need to determine a solution which is in the form of 

dependent variable expressed in terms of it independent variables. For the case of object that 

falls under the influence of gravity, the solution is 𝑦𝑦 in terms of 𝑡𝑡. 𝑇𝑇 in terms of 𝑡𝑡 for the heat 

transfer case and 𝑥𝑥 in terms of 𝑡𝑡 for the spring system case. The solution for each cases known 

as a general solution since the solution have some constants.  To obtain the particular solution 

of the ODEs, we need to have an initial and boundary condition which is also be discuss briefly 

in this basic concept of ODEs.  

where T is the temperature of the body while Ts is surrounding temperature at time t. 
The constant k here known as a constant of proportionality, represents how fast the heat 
propagates.

For application in mechanical motion, we can see some examples that relate with spring 
system. For the free oscillations, a basic mechanical system consisting of a mass on an 
elastic spring, which moves left and right. The system can be written in ODEs as,

12                                                                                                            Differential Equations 

 

 2

2
d y g
dt

=  (1.1) 

where 𝑦𝑦 is a distance travelled by the object in time 𝑡𝑡. 

In heat transfer, the rate of cooling of some object is determined by Newton’s Law of 

cooling. Newton’s Law of cooling state that the rate of change of temperature (in time) is 

directly proportional to the difference between the temperature of the object and that of the 

surrounding temperature. The statement can be written in ODEs as,  

 ( )s
dT k T T
dt

= − −  (1.2) 

where 𝑇𝑇 is the temperature of the body while 𝑇𝑇𝑠𝑠  is surrounding temperature at time 𝑡𝑡. The 

constant 𝑘𝑘 here known as a constant of proportionality, represents how fast the heat propagates. 

For application in mechanical motion, we can see some examples that relate with spring 

system. For the free oscillations, a basic mechanical system consisting of a mass on an elastic 

spring, which moves left and right. The system can be written in ODEs as, 

 2

2 0d x dxm c kx
dtdt

+ + =  (1.3) 

where 𝑚𝑚, 𝑐𝑐 and 𝑘𝑘 are the mass, damper coefficient and spring constant, respectively, and 𝑥𝑥 is 

the displacement of the body from its equilibrium position at time 𝑡𝑡. 

Each examples of ODEs above, we need to determine a solution which is in the form of 

dependent variable expressed in terms of it independent variables. For the case of object that 

falls under the influence of gravity, the solution is 𝑦𝑦 in terms of 𝑡𝑡. 𝑇𝑇 in terms of 𝑡𝑡 for the heat 

transfer case and 𝑥𝑥 in terms of 𝑡𝑡 for the spring system case. The solution for each cases known 

as a general solution since the solution have some constants.  To obtain the particular solution 

of the ODEs, we need to have an initial and boundary condition which is also be discuss briefly 

in this basic concept of ODEs.  

(1.3)

where  m,c and k  are the mass, damper coefficient and spring constant, respectively, and  
x is the displacement of the body from its equilibrium position at time t.

Each examples of ODEs above, we need to determine a solution which is in the form of 
dependent variable expressed in terms of it independent variables. For the case of object 
that falls under the influence of gravity, the solution is  in terms of t.  T in terms of t for 
the heat transfer case and x in terms of t for the spring system case. The solution for each 
cases known as a general solution since the solution have some constants.  To obtain the 
particular solution of the ODEs, we need to have an initial and boundary condition which 
is also be discuss briefly in this basic concept of ODEs. 
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2.1	 Introduction

The general 1st order ordinary differential equation  for the function  y = f (x) is given by
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where 𝑓𝑓(𝑥𝑥, 𝑦𝑦) can be any function of the independent variable 𝑥𝑥 and the dependent variable 𝑦𝑦. 

If  𝑓𝑓(𝑥𝑥, 𝑦𝑦) = −𝑀𝑀(𝑥𝑥, 𝑦𝑦)/𝑁𝑁(𝑥𝑥, 𝑦𝑦), this equation can be written as  

 ( ) ( ), , 0M x y dx N x y dy+ =  (2.2) 

Although it is not always possible to find an analytical solution of the differential 

equations for 𝑦𝑦 =  𝑓𝑓(𝑥𝑥), it is always possible to determine a unique numerical solution given 

an initial value 𝑓𝑓(𝑥𝑥0) = 𝑦𝑦0, and provided 𝑓𝑓(𝑥𝑥, 𝑦𝑦) is a well-behaved function. The differential 

equation (2.1) gives the slope 𝑓𝑓(𝑥𝑥0, 𝑦𝑦0) of the tangent line to the solution curve 𝑦𝑦 = 𝑦𝑦(𝑥𝑥) at the 

point (𝑥𝑥0, 𝑦𝑦0). With a small step size ∆𝑥𝑥 = 𝑥𝑥1 − 𝑥𝑥0 , the initial condition (𝑥𝑥1 − 𝑥𝑥0)  can be 

marched forward to (𝑥𝑥1, 𝑦𝑦1) along the tangent line using Euler’s method, as in Figure 2.1. 

 ( )1 0 0 0,y y x f x y= +   

This solution (𝑥𝑥1, 𝑦𝑦1)  then becomes the new initial condition and is marched forward to 

(𝑥𝑥2, 𝑦𝑦2) along a newly determined tangent line with slope given by 𝑓𝑓(𝑥𝑥1, 𝑦𝑦1). For small enough 

∆𝑥𝑥, the numerical solution converges to the exact solution. 

(2.1)

where f (x,y) can be any function of the independent variable x and the dependent variable 
y. If   f (x,y) = ˗M (x,y) / N(x,y), this equation can be written as 
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Although it is not always possible to find an analytical solution of the differential 
equations for y = f (x), it is always possible to determine a unique numerical solution 
given an initial value  f (x0) = y0, and provided  f (x0, y0) is a well-behaved function. The 
differential equation (2.1) gives the slope f (x0, y0) of the tangent line to the solution curve 

y = y(x) at the point (x0, y0). With a small step size ∆x = x1 − x0 , the initial condition 
(x1 − x0) can be marched forward to (x1,y1) along the tangent line using Euler’s method, 
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. For small 

enough ∆x, the numerical solution converges to the exact solution.
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Figure 2.1: The differential equation 𝑑𝑑𝑑𝑑/𝑑𝑑𝑑𝑑 = 𝑓𝑓 (𝑥𝑥, 𝑦𝑦), 𝑦𝑦(𝑥𝑥0) = 𝑦𝑦0, is integrated to 𝑥𝑥 =

𝑥𝑥1 using the Euler method 𝑦𝑦1 = 𝑦𝑦0 + ∆𝑥𝑥 𝑓𝑓(𝑥𝑥0, 𝑦𝑦0), with ∆𝑥𝑥 = 𝑥𝑥1 − 𝑥𝑥0 

2.2 Methods of Solution 

In this chapter, we are going to show how to determine a numerical solution of the 1st 

order ordinary differential equation, and then learn techniques for solving analytically some 

special forms of the differential equation, namely separable, homogenous (reduction to 

separable equations), linear and exact of 1st order equations. The four types of differential 

equations according to the form of 𝐹𝐹(𝑥𝑥, 𝑦𝑦) are brief as in Table 2.1.  

Table 2.1:  Differential equations according to the form of 𝐹𝐹(𝑥𝑥, 𝑦𝑦) 

Types of differential equations ( ),F x y  

Separable ( ) ( ) ( ),F x y f x g y=  

Homogeneous ( ), yF x y F
x

 =  
 

 

Exact ( ) ( )
( )

,
,

,
M x y

F x y
N x y

= −  

Linear ( ) ( ) ( ),F x y r x p x y= −  

Figure 2.1: The differential equation 

22                                                                                                            Differential Equations 

 

y

x

y1

y0

x1x0

( )1 0 0 0,y y x f x y= + 

( )0 0slope ,f x y=

 

Figure 2.1: The differential equation 𝑑𝑑𝑑𝑑/𝑑𝑑𝑑𝑑 = 𝑓𝑓 (𝑥𝑥, 𝑦𝑦), 𝑦𝑦(𝑥𝑥0) = 𝑦𝑦0, is integrated to 𝑥𝑥 =

𝑥𝑥1 using the Euler method 𝑦𝑦1 = 𝑦𝑦0 + ∆𝑥𝑥 𝑓𝑓(𝑥𝑥0, 𝑦𝑦0), with ∆𝑥𝑥 = 𝑥𝑥1 − 𝑥𝑥0 

2.2 Methods of Solution 

In this chapter, we are going to show how to determine a numerical solution of the 1st 

order ordinary differential equation, and then learn techniques for solving analytically some 

special forms of the differential equation, namely separable, homogenous (reduction to 

separable equations), linear and exact of 1st order equations. The four types of differential 

equations according to the form of 𝐹𝐹(𝑥𝑥, 𝑦𝑦) are brief as in Table 2.1.  

Table 2.1:  Differential equations according to the form of 𝐹𝐹(𝑥𝑥, 𝑦𝑦) 

Types of differential equations ( ),F x y  

Separable ( ) ( ) ( ),F x y f x g y=  

Homogeneous ( ), yF x y F
x

 =  
 

 

Exact ( ) ( )
( )

,
,

,
M x y

F x y
N x y

= −  

Linear ( ) ( ) ( ),F x y r x p x y= −  

, is integrated to  
x = x1 using the Euler method 
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2nd Order Ordinary Differential 
Equations

3.1	 Introduction

From the previous chapter, the 1st order ordinary differential equation has been discussed. 
The solution of the linear equation can be solved by using integrating factor. Generally, 
the integrating factor is written in the form of an exponential function. For this chapter, we 
centred only on linear ordinary differential equations of second order. In our discussions, 
we will look at into the classification of the equations, followed by the concepts of linear 
dependence and independence. The most important part that we will discussed is the 
solutions of linear homogeneous and non-homogeneous differential equations with 
constant coefficients. For the non-homogeneous linear differential equations, there are 
the most common technique that can be used to solve this kind of equation, which are; 
undetermined coefficients method and variation of parameters method. We also will look 
briefly on the Euler equation, which is a special linear differential equation with variable 
coefficients by using certain substitution.

3.2	 Terminology and Classification

The most frequently applying differential equation in the field of science and engineering 
is the 2nd order ODEs. The one-dimensional heat equation of heat transfer, the dynamics 
equation of dynamics and the circuit equations of electricity are all the same. Although 
these are different phenomena, by make some assumption, they are often described by 
a common form of 2nd order ODEs. The 2nd order ODEs can be classified into two form 
which is Linear and Nonlinear. The 2nd order ODEs is called as linear if it can be written 
as follow.
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dxdx
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and nonlinear if it cannot be written in this form. For the equation above, 𝑝𝑝(𝑥𝑥),  𝑞𝑞(𝑥𝑥) and 𝐹𝐹(𝑥𝑥) 

is function in 𝑥𝑥 variable. Linear equation is called as Homogeneous if  𝐹𝐹(𝑥𝑥) in RHS of 

equation (3.1) is zero, 𝐹𝐹(𝑥𝑥) = 0, while if 𝐹𝐹(𝑥𝑥) ≠ 0, then equation is called Nonhomogeneous. 

 2

2 ( ) ( ) ( )d y dyp x q x y F x
dxdx

+ + =  (3.2) 

The function ( )p x and ( )q x in equation (3.1) and (3.2) are known as a coefficients of 

ODEs. If ( )p x and ( )q x  replaced by constant coefficient we call the differential equation as 

linear ODEs with constant coefficient, as in equation (3.3).  

 2

2 ( )d y dya b cy F x
dxdx

+ + =  (3.3) 

Table 3.1 shows the summary and examples of the terminology for combination of linear, , 

homogeneous and nonhomogeneous of the 2nd ODEs. 

Table 3.1:  2nd order Ordinary Differential Equations  

Types of 2nd ODEs   Equations Constant 

Linear homogeneous  
2

2
2 0d y dyx x y

dxdx
+ + =  ( )p x x= , 2( )q x x=  

Linear homogeneous with 
constant coefficient 

2

22 4 6 0d y dy y
dxdx

+ + =  2a = , 4b = , 6c =  

Linear non-homogeneous  
2

2
2 cos( )d y dyx x y x

dxdx
+ + =  ( )p x x= , 2( )q x x=  

Linear non-homogeneous 
with constant coefficient  

2

22 4 6 cos( )d y dy y x
dxdx

+ + =  2a = , 4b = , 6c =  

(3.1)

and nonlinear if it cannot be written in this form. For the equation above, p (x), q (x) 
and F (x) is function in x variable. Linear equation is called as Homogeneous if  F (x)  
in RHS of equation (3.1) is zero, F (x) = 0, while if F (x) ≠ 0, then equation is called 
Nonhomogeneous.

108                                                                                                            Differential Equations 

 

 2

2 ( ) ( ) ( )d y dyp x q x y F x
dxdx

+ + =  (3.1) 

and nonlinear if it cannot be written in this form. For the equation above, 𝑝𝑝(𝑥𝑥),  𝑞𝑞(𝑥𝑥) and 𝐹𝐹(𝑥𝑥) 

is function in 𝑥𝑥 variable. Linear equation is called as Homogeneous if  𝐹𝐹(𝑥𝑥) in RHS of 

equation (3.1) is zero, 𝐹𝐹(𝑥𝑥) = 0, while if 𝐹𝐹(𝑥𝑥) ≠ 0, then equation is called Nonhomogeneous. 

 2

2 ( ) ( ) ( )d y dyp x q x y F x
dxdx

+ + =  (3.2) 

The function ( )p x and ( )q x in equation (3.1) and (3.2) are known as a coefficients of 

ODEs. If ( )p x and ( )q x  replaced by constant coefficient we call the differential equation as 

linear ODEs with constant coefficient, as in equation (3.3).  

 2

2 ( )d y dya b cy F x
dxdx

+ + =  (3.3) 

Table 3.1 shows the summary and examples of the terminology for combination of linear, , 

homogeneous and nonhomogeneous of the 2nd ODEs. 

Table 3.1:  2nd order Ordinary Differential Equations  

Types of 2nd ODEs   Equations Constant 

Linear homogeneous  
2

2
2 0d y dyx x y

dxdx
+ + =  ( )p x x= , 2( )q x x=  

Linear homogeneous with 
constant coefficient 

2

22 4 6 0d y dy y
dxdx

+ + =  2a = , 4b = , 6c =  

Linear non-homogeneous  
2

2
2 cos( )d y dyx x y x

dxdx
+ + =  ( )p x x= , 2( )q x x=  

Linear non-homogeneous 
with constant coefficient  

2

22 4 6 cos( )d y dy y x
dxdx

+ + =  2a = , 4b = , 6c =  

(3.2)

The function ( )p x  and ( )q x in equation (3.1) and (3.2) are known as a coefficients of 

ODEs. If ( )p x and ( )q x  replaced by constant coefficient we call the differential equation 
as linear ODEs with constant coefficient, as in equation (3.3). 
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Let look at some examples to give more overview regarding the terminology and 
classification discussed above.
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Laplace Transforms

4.1	 Introduction

Laplace transform methods have a key role to play in the modern approach to the analysis 
and design of engineering systems. The stimulus for developing these methods was the 
pioneering work of the English electrical engineer Oliver Heaviside (1850 -1925) in 
developing a method for the systematic solution of ODE’s with constant coefficients. 
Research on the problem continued for many years before it was eventually recognized 
that an integral transform developed by the French mathematician Pierre Simon de 
Laplace (1749 -1827) almost a century before provided a theoretical foundation for 
Heaviside’s work. It was also recognized that the use of this integral transform provided 
a more systematic alternative for investigating differential equations than the method 
proposed by Heaviside. It is this alternative approach that is the basis of the Laplace 
transform method.

The Laplace transform is an example of a class called integral transforms, and it takes 
a function  f (t) of one variable  (which we shall refer to as time) into a function  F (s) of 
another variable s (the complex frequency). The attraction of the Laplace transform is 
that it transforms differential equations in the  t (time) domain into algebraic equations in 
the s (frequency) domain. Solving differential equations in the t domain therefore reduces 
to solving algebraic equations in the  domain. Another advantage of using the Laplace 
transform for solving differential equations is that initial conditions play an essential role 
in the transformation process, so they are automatically incorporated into the solution. 
The Laplace transform is therefore an ideal tool for solving initial-value problems such 
as those occurring in the investigation of electrical circuits and mechanical vibrations.

The main idea of this method is to Laplace transform the constant-coefficient differential 
equation for f (t) into a simpler algebraic equation for the Laplace-transformed function 
F (s), solve this algebraic equation, and then transform F (s) back into F (t). The correct 
definition of the Laplace transform and the properties that this transform satisfies makes 
this solution method possible. Schematically, a system may be represented as in Figure 
4.1. 
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ODEs; 
function of f(t)

Algebraic eqn.; 
F(s)

Find the 
solution of  f(t)

Solve the 
function F(s)

Figure 4.1: The Laplace transform operator

4.2	 Definition and Notation

The Laplace transform of f (t), denoted by 

162                                                                                                            Differential Equations 

 

The main idea of this method is to Laplace transform the constant-coefficient differential 

equation for 𝑓𝑓(𝑡𝑡) into a simpler algebraic equation for the Laplace-transformed function 𝐹𝐹(𝑠𝑠), 
solve this algebraic equation, and then transform 𝐹𝐹(𝑠𝑠) back into 𝑓𝑓(𝑡𝑡). The correct definition 

of the Laplace transform and the properties that this transform satisfies makes this solution 

method possible. Schematically, a system may be represented as in Figure 4.1.  

ODEs;
function of f(t)

Algebraic eqn.;
F(s)

Find the
solution of f(t)

Solve the
function F(s)

 

Figure 4.1: The Laplace transform operator 

4.2 Definition and Notation 

The Laplace transform of 𝑓𝑓(𝑡𝑡), denoted by 𝐹𝐹(𝑠𝑠) = ℒ{𝑓𝑓(𝑡𝑡)}, is defined by the integral 

transform, 

 
( )

0
( ) stF s e f t dt


−=   (4.1) 

where 𝑠𝑠 is a complex variable and 𝑒𝑒−𝑠𝑠𝑠𝑠 is called the kernel of the transformation. It is usual to 

represent the Laplace transform of a function by the corresponding capital letter, so that we 

write, 

 
( )  ( )

0
( ) stf t F s e f t dt


−= =   (4.2) 

 

 

 is defined by the integral 
transform,

162                                                                                                            Differential Equations 

 

The main idea of this method is to Laplace transform the constant-coefficient differential 

equation for 𝑓𝑓(𝑡𝑡) into a simpler algebraic equation for the Laplace-transformed function 𝐹𝐹(𝑠𝑠), 
solve this algebraic equation, and then transform 𝐹𝐹(𝑠𝑠) back into 𝑓𝑓(𝑡𝑡). The correct definition 

of the Laplace transform and the properties that this transform satisfies makes this solution 

method possible. Schematically, a system may be represented as in Figure 4.1.  

ODEs;
function of f(t)

Algebraic eqn.;
F(s)

Find the
solution of f(t)

Solve the
function F(s)

 

Figure 4.1: The Laplace transform operator 

4.2 Definition and Notation 

The Laplace transform of 𝑓𝑓(𝑡𝑡), denoted by 𝐹𝐹(𝑠𝑠) = ℒ{𝑓𝑓(𝑡𝑡)}, is defined by the integral 

transform, 

 
( )

0
( ) stF s e f t dt


−=   (4.1) 

where 𝑠𝑠 is a complex variable and 𝑒𝑒−𝑠𝑠𝑠𝑠 is called the kernel of the transformation. It is usual to 

represent the Laplace transform of a function by the corresponding capital letter, so that we 

write, 

 
( )  ( )

0
( ) stf t F s e f t dt


−= =   (4.2) 

 

 

(4.1)

where  is a complex variable and 

162                                                                                                            Differential Equations 

 

The main idea of this method is to Laplace transform the constant-coefficient differential 

equation for 𝑓𝑓(𝑡𝑡) into a simpler algebraic equation for the Laplace-transformed function 𝐹𝐹(𝑠𝑠), 
solve this algebraic equation, and then transform 𝐹𝐹(𝑠𝑠) back into 𝑓𝑓(𝑡𝑡). The correct definition 

of the Laplace transform and the properties that this transform satisfies makes this solution 

method possible. Schematically, a system may be represented as in Figure 4.1.  

ODEs;
function of f(t)

Algebraic eqn.;
F(s)

Find the
solution of f(t)

Solve the
function F(s)

 

Figure 4.1: The Laplace transform operator 

4.2 Definition and Notation 

The Laplace transform of 𝑓𝑓(𝑡𝑡), denoted by 𝐹𝐹(𝑠𝑠) = ℒ{𝑓𝑓(𝑡𝑡)}, is defined by the integral 

transform, 

 
( )

0
( ) stF s e f t dt


−=   (4.1) 

where 𝑠𝑠 is a complex variable and 𝑒𝑒−𝑠𝑠𝑠𝑠 is called the kernel of the transformation. It is usual to 

represent the Laplace transform of a function by the corresponding capital letter, so that we 

write, 

 
( )  ( )

0
( ) stf t F s e f t dt


−= =   (4.2) 

 

 

 is called the kernel of the transformation. It is 
usual to represent the Laplace transform of a function by the corresponding capital letter, 
so that we write,

162                                                                                                            Differential Equations 

 

The main idea of this method is to Laplace transform the constant-coefficient differential 

equation for 𝑓𝑓(𝑡𝑡) into a simpler algebraic equation for the Laplace-transformed function 𝐹𝐹(𝑠𝑠), 
solve this algebraic equation, and then transform 𝐹𝐹(𝑠𝑠) back into 𝑓𝑓(𝑡𝑡). The correct definition 

of the Laplace transform and the properties that this transform satisfies makes this solution 

method possible. Schematically, a system may be represented as in Figure 4.1.  

ODEs;
function of f(t)

Algebraic eqn.;
F(s)

Find the
solution of f(t)

Solve the
function F(s)

 

Figure 4.1: The Laplace transform operator 

4.2 Definition and Notation 

The Laplace transform of 𝑓𝑓(𝑡𝑡), denoted by 𝐹𝐹(𝑠𝑠) = ℒ{𝑓𝑓(𝑡𝑡)}, is defined by the integral 

transform, 

 
( )

0
( ) stF s e f t dt


−=   (4.1) 

where 𝑠𝑠 is a complex variable and 𝑒𝑒−𝑠𝑠𝑠𝑠 is called the kernel of the transformation. It is usual to 

represent the Laplace transform of a function by the corresponding capital letter, so that we 

write, 

 
( )  ( )

0
( ) stf t F s e f t dt


−= =   (4.2) 

 

 

(4.2)

There are a few observations relating to the definition of equation (4.2).
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c) Because the lower limit in the integral is zero, it follows that when taking the Laplace 

transform, the behaviour of 𝑓𝑓(𝑡𝑡) for negative values of 𝑡𝑡 is ignored. This means that 

𝐹𝐹(𝑠𝑠)  contains information on the behaviour of 𝑓𝑓(𝑡𝑡)  only for 𝑡𝑡 ≥ 0 . In most 

engineering applications this does not cause any problems, since we are then 

concerned with physical systems for which the functions we are dealing with vary 

with time 𝑡𝑡. 
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The Laplace transform defined by equation (4.2), with lower limit zero, is sometimes 

referred to as the one-sided or unilateral Laplace transform of the function 𝑓𝑓(𝑡𝑡). In 

this chapter we shall concern ourselves only to it simply as the Laplace transform of 

the function 𝑓𝑓(𝑡𝑡). 
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Fourier Series

5.1	 Introduction

Many problems in engineering and science involved with a vibration and frequency 
oscillation, or in other speaking the problem are periodic. Some example of such problem 
are the current and voltage in an alternating current circuit, rotating parts of machines, 
vibrations of string, progression of waves and sound and others. These periodic functions 
can be analysed into their constituent components (fundamentals and harmonics) by a 
method called Fourier analysis. The Fourier analysis allows us to model phenomena 
which appear frequently in engineering problem that involved with periodic functions. 
Since an analysis problem that related to periodic functions may be complicated, the 
Fourier analysis come as an ingenious idea to represent the complicated function in term 
of simple periodic function namely cosines and sines series. This simplifying can be done 
by adding more and more trigonometric functions (cosines and sines series) together. The 
sum of these special trigonometric functions is called the Fourier Series.

Fourier series are the series of sine and cosine terms representing a general periodic 
function. The periodic function constitutes a very important tools in solving problems 
that involve ordinary and partial differential equations. Mostly, all periodic function 
which is occurred in an application with period 2L can be represented by trigonometric 
series in terms of sines and cosines of the form,
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involve ordinary and partial differential equations. Mostly, all periodic function which is 

occurred in an application with period 2𝐿𝐿 can be represented by trigonometric series in terms 

of sines and cosines of the form, 
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 This series (known as Fourier Series) was a main work of Analytic Theory of Heat by 
Joseph Fourier (1768 – 1830), French physicist and mathematician who developed a 
theory of heat conduction in 1822. This will be discussed in terms of these series and their 
engineering use from a practical point of view. It contains material sufficient for further 
applications follow in the next chapter on partial differential equations.  
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5.1.1	 Periodic Function and Trigonometric Series

A function of  f (x) is called periodic if f (x) is defined for all real , and if there is some 
positive number, p such that,
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The graph of such function is obtained by periodic repetition of its graph in any interval of 

length 𝑝𝑝, as Figure 5.1. 
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Figure 5.1: Periodic function 

 

(5.1)

The graph of such function is obtained by periodic repetition of its graph in any interval 
of length p, as Figure 5.1.
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Figure 5.1: Periodic function

Most familiar periodic functions are the sine and cosine functions. From the definition of 
equation (5.1), the function f = constant is also a periodic function for every positive . From 
the equation, we have 
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Most familiar periodic functions are the sine and cosine functions. From the definition of 

equation (5.1), the function 𝑓𝑓 = 𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐 is also a periodic function for every positive 𝑝𝑝. 

From the equation, we have 𝑓𝑓(𝑥𝑥 + 2𝑝𝑝) = 𝑓𝑓[(𝑥𝑥 + 𝑝𝑝) + 𝑝𝑝] = 𝑓𝑓(𝑥𝑥 + 𝑝𝑝) = 𝑓𝑓(𝑥𝑥), and for any 

integer 𝑛𝑛, we can write the equation for the periodic function for all 𝑥𝑥 as, 

 ( ) ( )f x np f x+ =  (5.2) 

Hence 2𝑝𝑝, 3𝑝𝑝, 4𝑝𝑝, … are also periods of 𝑓𝑓(𝑥𝑥). Furthermore, if 𝑓𝑓(𝑥𝑥) and 𝑔𝑔(𝑥𝑥) have period 𝑝𝑝, 

the function ℎ(𝑥𝑥) = 𝑎𝑎𝑎𝑎(𝑥𝑥) + 𝑏𝑏𝑏𝑏(𝑥𝑥) also has the period 𝑝𝑝. For the smallest period 𝑝𝑝 (> 0), 

this is often called the fundamental period of the periodic function 𝑓𝑓(𝑥𝑥). For cos 𝑥𝑥 and sin 𝑥𝑥, 

the fundamental period is 2𝜋𝜋, for cos 2𝑥𝑥 and sin 2𝑥𝑥, the fundamental period is 𝜋𝜋, and so on. A 

function without fundamental period if 𝑓𝑓 = 𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐. 

In the beginning of this chapter, we will look into a various functions of period 𝑝𝑝 = 2𝜋𝜋 in 

terms of the simple function. The following function have the period 2𝜋𝜋 and the Figure 5.2 

shows the few of them. 

 cos , sin , cos2 , sin 2 , cos3 , sin3 , ...x x x x x x  (5.3) 

 

0 π 2π

0 π 2π 0 π 2π 0 π 2π

0 π 2π 0 π 2π

cos x cos 2x cos 3x

sin x sin 2x sin 3x

Figure 5.2: Cosine and sine function having the period 2𝜋𝜋 

The series that will arise in this connection can be written in the form, 

 1 1 2 2 3 3cos sin cos 2 sin 2 cos3 sin 3 ...oa a x b x a x b x a x b x+ + + + + + +   

 and for 
any integer , we can write the equation for the periodic function for all x as,
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(5.2)

Hence 2p, 3p, 4p,... are also periods of f (x). Furthermore, if f (x) and 
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Partial Differential Equations

6.1	 Introduction

Partial differential equations (PDEs) is simply an equation that involves both a function 
and its partial derivatives. In this chapter, we are mainly concerned with techniques to 
find a solution to a given partial differential equation, and to ensure good properties to 
that solution. Most of the equations of interest arise from physics, and we will use x, y, z 
as the usual spatial variables, and for the time variable. Various physical quantities will 
be measured by some function u = u(x, y, z, t) which could depend on all three spatial 
variable and time, or some subset. The partial derivatives of u will be denoted with the 
following notation.
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The partial differential equations arise from mathematical models of physical world. The 

modelling usually begins with an observation, then mathematical techniques are applied so that 

the resulting equations are transformed into convenient form of solution. Some typical partial 

differential equations that arise in physics are;  

Laplace’s equation: 

 2 2 2

2 2 2 0u u u
x y z
  

+ + =
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which is satisfied by the temperature 𝑢𝑢 = 𝑢𝑢(𝑥𝑥, 𝑦𝑦, 𝑧𝑧)  in a solid body that is in thermal 

equilibrium, or by the electrostatic potential 𝑢𝑢 = 𝑢𝑢(𝑥𝑥, 𝑦𝑦, 𝑧𝑧) in a region without electric charges 

such as in analysis of electrostatic, gravitational, and velocity potentials in fluid mechanics.  
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which is satisfied by the temperature u = u(x, y, z) in a solid body that is in thermal 
equilibrium, or by the electrostatic potential u = u(x, y, z) in a region without electric 
charges such as in analysis of electrostatic, gravitational, and velocity potentials in fluid 
mechanics. 
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Heat equation:
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Heat equation: 
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which is satisfied by the temperature 𝑢𝑢 = 𝑢𝑢(𝑥𝑥, 𝑦𝑦, 𝑧𝑧, 𝑡𝑡) of a physical object which conducts heat, 

where 𝑘𝑘 is a parameter depending on the conductivity of the object. This equation is sometimes 

called the diffusion equation since the diffusion or dissolved substances in solution is analogous 

to the flow of heat in solid. The equation also arises in the study of the flow of electricity in a 

long cable or transmission line, which is known a telegraph equation. 

Wave equation: 

 2 2 2 2
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2 2 2 2
u u u uc

t x y z
   

= + +
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which models the vibrations of a string in one-dimension 𝑢𝑢 = 𝑢𝑢(𝑥𝑥, 𝑡𝑡), the vibrations of a thin 

membrane in two dimensions 𝑢𝑢 = 𝑢𝑢(𝑥𝑥, 𝑦𝑦, 𝑡𝑡)  or the pressure vibrations of an acoustic wave in 

air 𝑢𝑢 = 𝑢𝑢(𝑥𝑥, 𝑦𝑦, 𝑧𝑧, 𝑡𝑡). The constant 𝑐𝑐 gives the speed of propagation for the vibrations.  

The examples of partial differential equations mentioned above are some of the most 

important partial differential equations that we can find in engineering applications. All the 

three examples showed are the ‘three-dimensional’ which are contained all three components 

of spatial dimensions, 𝑥𝑥, 𝑦𝑦, 𝑧𝑧, and 𝑡𝑡 represents a time (except for Laplace’s equation, describes 

the steady-state where the time, t is dependent).  

6.2 Basic Concepts 

Partial differential equations (PDEs) is an equation for an unknown function of two or 

more independent variables that involves partial derivatives. It is an equation of the form for 

the given function 𝐹𝐹 and the unknown function 𝑢𝑢, 

 ( )1 1 2
, , , , , , , 0

n n nx x x x x xF x u u u u u =   

which is satisfied by the temperature u = u(x, y, z, t) of a physical object which conducts 
heat, where k is a parameter depending on the conductivity of the object. This equation 
is sometimes called the diffusion equation since the diffusion or dissolved substances in 
solution is analogous to the flow of heat in solid. The equation also arises in the study of 
the flow of electricity in a long cable or transmission line, which is known a telegraph 
equation.

Wave equation:
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which models the vibrations of a string in one-dimension u = u(x, t), the vibrations of a 
thin membrane in two dimensions  u = u(x, y, t) or the pressure vibrations of an acoustic 
wave in air u = u(x, y, z, t). The constant  gives the speed of propagation for the vibrations. 

The examples of partial differential equations mentioned above are some of the most 
important partial differential equations that we can find in engineering applications. All 
the three examples showed are the ‘three-dimensional’ which are contained all three 
components of spatial dimensions, x, y, z, and t represents a time (except for Laplace’s 
equation, describes the steady-state where the time, t is dependent). 

6.2	 Basic Concepts

Partial differential equations (PDEs) is an equation for an unknown function of two or 
more independent variables that involves partial derivatives. It is an equation of the form 
for the given function F and the unknown function u,
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of spatial dimensions, 𝑥𝑥, 𝑦𝑦, 𝑧𝑧, and 𝑡𝑡 represents a time (except for Laplace’s equation, describes 

the steady-state where the time, t is dependent).  

6.2 Basic Concepts 

Partial differential equations (PDEs) is an equation for an unknown function of two or 

more independent variables that involves partial derivatives. It is an equation of the form for 

the given function 𝐹𝐹 and the unknown function 𝑢𝑢, 

 ( )1 1 2
, , , , , , , 0

n n nx x x x x xF x u u u u u =   
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where 𝑥𝑥 = (𝑥𝑥1, … , 𝑥𝑥𝑛𝑛) and 𝑥𝑥𝑥𝑥1, … , 𝑥𝑥𝑥𝑥𝑥𝑥, 𝑢𝑢𝑥𝑥1𝑥𝑥2, … , 𝑢𝑢𝑥𝑥𝑛𝑛𝑥𝑥𝑛𝑛,… denotes partial derivatives of 𝑢𝑢, for 

some function, 𝐹𝐹 , of several variables. Any equation containing at least one of the partial 

derivatives is called partial differential equations. Notation are usually used for the partial 

derivatives are written as, 

 2 2

2, ,x xx xy
u u uu u u
x x yx
  

= = =
  

 (6.1) 

As shown in the Equation (6.1) above, the partial derivative was denoted by ‘𝜕𝜕’, rather that 

‘𝑑𝑑’as normal form found in previous chapter. We also can write ‘𝑢𝑢𝑥𝑥’ rather than in derivative 

form to represent the partial differential equations, which is give the meaning of ‘𝑢𝑢’ is a 

function of ‘𝑥𝑥’. ‘𝑢𝑢𝑥𝑥𝑥𝑥’ represented the mixed partial differential coefficients of order two with 

respect to x and y. Basically that is the standard notation for partial differential equations.  

Order of PDEs 

In partial different equations, we also need to consider on what they called ‘order’ of 

partial differential equations. The order of a PDEs is the order of the highest partial derivatives 

occurring in the equation and is a positive integer. Such as first order PDEs is having first order 

partial derivatives as the highest order in the equation, while second order PDEs is having 

second order partial derivatives as the highest order occurring in the equation. 

 

State the order of each of the following PDEs. 

0(a) u ux y
x y
 

+ =
 

 2 2

2 2 2
1(b) u ux

x c t
 

=
 

 

2 2(c) 2 2x yyu u y x− = +  2(d) 2 0yy x xy u ux u+ − =  

 

The order of those equations are stated as follows. 

(a) 1st order PDEs (b) 2nd order PDEs (c) 1st order PDEs (d) 2nd order PDEs 

 

Example 6.1 

Solution 

 and 
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of u, for some function, F, of several variables. Any equation containing at least one of 
the partial derivatives is called partial differential equations. Notation are usually used for 
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