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Casio fx-570 MS in Numerical Methods”, “Numerical Methods Using
Casio fx-570 ES Calculator” and “Numerical Methods Using Casio
fx-570ES PLUS Calculator” which was published in 2006, 2011 and
2017 respectively as well as our “Numerical Method (1.1 Edition)”
module which was published in 2005, we have come up with a
subsequent edition entitled “Numerical Methods With Casio fx-570EX
CLASSWIZ Calculator”. Solving numerical methods using normal
calculators can be a dreary task since it involves tedious iteration which
may easily lead to careless mistakes. CALC memory in Casio fx-570MS
calculator provides 9 variables (A, B, C, D, E, F, X, Y and M), allowing
users to input different values for a function or several functions. Once
the function has been input, it can be recalled for calculation. This recall
ability helps to repeat the tabulation of a sequence of function values
which is required in Numerical Methods. As a result, the numerical
calculations become much faster and calculation errors are reduced.
However, Casio fx-570MS calculator does not have the natural display
function (display mathematical expressions like square roots and
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PREFACE

Motivated by our previous books “How to Use Calculator Casio fx-570 MS in Numerical
Methods”, “Numerical Methods Using Casio fx-570 ES Calculator” and “Numerical
Methods Using Casio fx-570ES PLUS Calculator” which was published in 2006, 2011
and 2017 respectively as well as our “Numerical Method (1.1 Edition)” module which
was published in 2005, we have come up with a subsequent edition entitled “Numerical
Methods With Casio fx-570EX CLASSWIZ Calculator”.

Solving numerical methods using normal calculators can be a dreary task since it involves
tedious iteration which may easily lead to careless mistakes. CALC memory in Casio
fx-570MS calculator provides 9 variables (A, B, C, D, E, E X, Y and M), allowing users
to input different values for a function or several functions. Once the function has been
input, it can be recalled for calculation. This recall ability helps to repeat the tabulation
of a sequence of function values which is required in Numerical Methods. As a result,
the numerical calculations become much faster and calculation errors are reduced.
However, Casio fx-570MS calculator does not have the natural display function (display
mathematical expressions like square roots and fractions).

The Casio fx-570 ES calculator has a natural display, but it can only handle 7 variables
(A, B, C, D, X, Y, M). Hence, the Thomas algorithm cannot be implemented efficiently.
This is why the Thomas algorithm was not shown in the second previous book but will be
demonstrated in this book.

Similar to the Casio fx 570 MS and Casio Fx-570ES Plus calculators, the Casio fx-570EX
CLASSWIZ calculator can handle 9 variables (A, B, C, D, E, E X, Y, M) and has a natural
display. The Casio fx-570EX CLASSWIZ calculator has a higher dimension of matrix,
higher degree of polynomial, solve 4 simultaneous linear equations, spreadsheet mode
and plotting ability. Besides, the Casio fx-570EX CLASSWIZ calculator is inexpensive
and most students already own one since it is also required for other subjects. This is
why we prefer this new calculator model in teaching and learning numerical methods for
examination purposes.

Each numerical method in the previous two books is solved by one example which focuses
more on step-by-step methods on how to implement numerical methods using Casio fx-
570 MS and Casio fx-570 ES button graphics with their immediate calculator screens.
However, in this book, each numerical method is solved using at least two examples that
focus more on numerical methods. The first example still shows a step-by-step guide on
implementing numerical methods using Casio fx-570EX CLASSWIZ button graphics
similar to the Casio fx-570 ES calculator, but its calculator screen is not provided as in the
previous two books. Besides, in the first example, an addition to step-by-step instructions
and its calculator screen using spreadsheet mode for specific numerical methods is

Xi
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included too. The second example is solved numerically without a step-by-step guide
using the Casio fx-570EX CLASSWIZ calculator due to the thickness of the book.

We need to emphasize that all the calculators including Casio fx-570EX CLASSWIZ are
portable and relatively lower price compared to mathematical software. Hence, these
calculators always are a better choice for the numerical method’s teaching and learning
process in the classroom and the examination hall.

This textbook was written based on the Engineering Mathematics IV syllabus of University
Tun Hussein Onn Malaysia (UTHM). It serves as a guide for UTHM engineering students
studying Numerical Methods

The book consists of nine chapters: Introduction to Numerical Methods and Errors,
Nonlinear Equation, System of Linear Equations, Interpolation, Numerical Differentiation,
Numerical Integration EigenValues, Ordinary Differential Equations and Partial
Differential Equations.

Each chapter is presented without many formula derivations. This is because engineering
students are only required to apply the concept without knowing the derivation of the
formula. Comparison of different methods for the same topic and error analysis for each
method are included too.

A summary of formulae is provided at the end of each chapter for easy reference. Exercises
are provided at the end of the summary followed by model answers so that readers can
enhance their understanding and problem-solving skills.

We hope this book will benefit lecturers and students. We are also grateful to Casio Japan
for providing unique Casio fx-570EX CLASSWIZ calculator font for the production of this
book. Finally, we would like to thank everyone who has helped us directly or indirectly in
the process of writing this book. Thanks for using this book.

By Tay Kim Gaik tay@uthm.edu.my
Phang Chang phang@uthm.edu.my
Phang Piau pphang@unimas.my
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CHAPTER 1

INTRODUCTION TO NUMERICAL
METHODS AND ERRORS

1.0 INTRODUCTION

In science and engineering, there are three different ways or approaches in problem-
solving, which includes:

Methods of Solution in Engineering Problem Solving

Experiment Simulations Mathematical
model

[ |
Anallflical Numerical

Exact Approximate
solution solution

Figure 1.1: Methods of solution in engineering problem solving

As we know, in science and engineering, we set up experiments to obtain information
or data, test hypothesis, make comparisons between theory and practice. Although the
outcome is expressive, experiments usually involve a lot of equipment and facilities
which are expensive.

Thus, scientists and engineers are also solving the problems by using simulations.
Simulations can be defined as a model or representation of a course of events in science,
engineering and business, especially by a computer calculation to study the effects of
possible future changes or decisions. Graphical solutions are generally used to characterize
the behavior of systems in simulations.

Besides, solutions can also be obtained by mathematical modeling. A mathematical
model can be defined as a formulation or equation that expresses the essential features
of a physical system or process in mathematical terms. Solutions are derived for some
problems analytically, and the exact solutions are obtained. However, analytical
solutions can be derived for only a limited class of problems, including those that can be
approximated with linear models and those with simple geometry and low dimensionality.
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CHAPTER 2
NONLINEAR EQUATIONS

2.0 INTRODUCTION
A linear equation is a polynomial equation of the first degree in the form of

f(x)=ax+b. (2.1)

The graph of the linear equation is a straight line.
Any equation

f(x)=0 (2.2)
which is not in the form of (2.1) is called a nonlinear equation. From a graphical point

of view, a nonlinear equation does not form a straight line. Example 2.1 shows some
examples of nonlinear equations.

EXAMPLE 2.1

x—cosx=0, 3x*+2x+1=0, and 4x> +3x> +2x+1=0

To find the roots of a nonlinear equation, one has to find the value of x = x" that
satisfies f (x*) =0. From a graphical point of view, the value of x" can be obtained from
the graph y = f(x) intercepting x-axis. By using the Intermediate Value Theorem, as

given in Section 2.1, we can roughly locate the interval of the root.

In this chapter, four numerical methods for finding the root of nonlinear equations will
be discussed. They are the bisection method, secant method, Newton-Raphson’s method
and fixed-point iteration method.

2.1 INTERMEDIATE VALUE THEOREM

If f(x) is a continuous real-valued function in the interval [a,b] and f(a)f(b) <0,
then it has at least one root in the interval.

11
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CHAPTER 3

SYSTEM OF LINEAR EQUATIONS

3.0 INTRODUCTION

An instance of a system of linear equations is given as follows:

x, + 2x,
=3x, + X
2x, — 5x,

X, =
+ 2x, = 2
+ x; =3

(3.1)

The above system of linear equations (3.1) can be solved by finding the values of

unknowns x;, x, and x; which simultaneously satisfy all three equations.

In general, a system with m linear equations and » unknowns ( x;, for i =1,---,n) can be

written as

a,x, +

a)pX, +

a,x, +

or in matrix form

where matrix A =

+ aln'xn = bl
+ a,x, = b
+ amn‘xn = bm
Ax=Db
a, Xy b,
a X b
2 2 2
Tl,x=| “land b=| |
amn xl’l bm
37
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CHAPTER 4
INTERPOLATIONS

4.0 INTRODUCTION

In real life, we may have a certain range of paired (x, ) data set and need to estimate the
corresponding value of y for an intermediate value of x which is not in the data set. To
do so, we need the interpolations which provide techniques to approximate the function
f(x) atintermediate points x within the range of a given discrete data set.

More specifically, if we have several data points, (x,,f(x,)), (x,f(x)), ...,
(x,, f(x,)), where g < x, < x; < - < x,, < b is usually available (see Figure
4.1(a)), we need a method to approximate the function f(x) and use it to approximate
the value of f(x,) at certain x, over the entire closed interval [a,b]. For this

purpose, a polynomial P(x) of degree n, denoted by P,(x) will be constructed that
passes through all n +1 points, (see Figure 4.1(b)) such that it satisfies the condition,

P(x)=f(x),¥i=0,1,2,3, ..., n.

S(x) & S(x) &
(Xn, f (xn)) (Xn, f (xn))
(x1, f(x1)) ¢ (x1, f(x1))
° . S - ==
® | Pn(x)

(x0, f (x0)) (o, f(x0)) |

|
> ' >
Xo=a Xxi xn=b x Xo=a X1 Xk xXn=b x

Figure 4.1 (a) Figure 4.1 (b)

This chapter will discuss two types of interpolation, namely, Lagrange interpolating
and Newton’s divided-difference. All these methods are included in the polynomial
interpolation method. Another category of interpolation is piecewise polynomial
interpolation which includes a natural cubic spline and clamped cubic spline

Note that if we have n +1 data points, the polynomials obtained by the interpolating
process have n degree, i.e. P, (x). Besides, we could only use the polynomial P, (x)
obtained through the interpolation process to approximate the value of f(x,) at
particular x, in the interval of x, <x, <x,. For x, <Xx, or x, >x,, we need to use
extrapolation and it is beyond the scope of this chapter.

95
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CHAPTER 5
NUMERICAL DIFFERENTIATION

5.0 INTRODUCTION

Differentiation is defined as the rate of change. Many physical situations involve the rate
of change. For example, velocity is the rate of change of distance with respect to time
while the acceleration is the rate of change of velocity with respect to time. The rate of
change of a graph y = f'(x) against x, is the gradient of the curve y. This is equivalent to
finding the slope of the tangent line to the function y = f(x) at a point.

In cases where a function is not easily differentiated analytically or only a set of data
is given, numerical differentiation can be used. In numerical differentiation, we will
learn how to approximate the first derivative by using 2-point backward, 2-point forward,
3-point central and 5-point formulas whereas second derivative can be approximated
from 3-point central and 5-point formulas for a tabulated data with the increment of 4.

5.1 DIFFERENCE FORMULA

The difference formula for a function of a single variable can be developed using Taylor
series.

5.1.1 First Derivative using Taylor’s Series

Taylor series expansion for f(x + /) can be written as

(5.1)

ferem = f@ a0+ L S0 S

2 3

where /4 is the step size in the x space, i.e. & = Ax .

o—eo —eo o o o x
x—=2h x—-h x x+h x+2h x+3h
Figure 5.1: Illustration of discretization with step size /4 of x space

Solving Eq. (5.1) for f°(x) up to the second derivatives gives 2-point forward difference
formula

() = f(x+h2l—f(x) @ (5.2)

2

137
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CHAPTER 6
NUMERICAL INTEGRATION

6.0 INTRODUCTION

Integration can be defined as antidifferentiation. It has wide applications. For
example, it can be used to find the area or volume below a curve or bounded by
several curves. If acceleration is given, we can find velocity and distance by
integration. Numerical integration is needed when direct integration ig impossible

(An example of integral that cannot be integrated analytically is J e dx) or

0
integrates a tabulated data rather than integrates a known function. This chapter deals with

definite integrals only. Several numerical methods can be used to approximate integrals

1
such as a trapezoidal rule, Simpson’s 5 rule, Simpson’s g rule and Gauss-Quadrature.

6.1 TRAPEZOIDAL RULE

If f(x) is a continuous function in the interval [a, b], then the definite integral

b
J- S (x) dx is the area under the curve y = f(x) with boundaries x-axis, x = a and
x = b as shown in Figure 6.1 below:

y=7(x)

L[S ax=4

»
>

X
X=a x=b

Figure 6.1: Approximating area under the curve y = f(x)

b

At first approximation, J- f(x) dx can be approximated by an area of a trapezoid, 4,

with n =1 segment. ‘

(b—a)
2

4= 1) dx ==L (f(a)+ £ (0). (6.1)

153
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CHAPTER 7
EIGENVALUES

7.0 INTRODUCTION

Let A be an n x n matrix. A number (scalar) A is called an eigenvalue of A if there exists
a nonzero vector called eigenvector v such that

Av = Av. (7.1)

Eigenvalues and eigenvectors are widely used in various applications. For example, they
can be used to determine the stability of a finite-difference scheme to solve a partial
differential equation and find the solution for the system of differential equations.

Rewriting Eq. (7.1) as
Av = Alv, (7.2)

where I is an identity matrix, yields
(A-ADv=0 (7.3)

The linear homogeneous system (7.3) has a nontrivial solution Vv # 0 if and only if the
matrix A—Al is singular that is |A—AI|=0. Solving | A—AI|=0 will produce
polynomial P, (A) with order # in terms of . The roots of the polynomial P, (A1) will
yield n eigenvalues of matrix A. Polynomial P, (4) is called characteristic polynomial
and the equation P (1) =0is called a characteristic equation. Substituting each
eigenvalue into Eq. (7.3) will lead to its corresponding eigenvector.

Historical Notes

‘Eigen’ is a German word which means ‘characteristic.

173
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CHAPTER 8

ORDINARY-DIFFERENTIAL EQUATIONS
(ODES)

8.0 INTRODUCTION

Consider a function of y = f(x), where x and y are the independent variable and
dependent variable, respectively. Differentiate the function y = f(x) with respect
to the independent variable x, one time, two times and so on, we obtain its ordinary

dx’ d

its ordinary derivatives is called ordinary differential equations (ODEs). A few examples

2
derivatives, (ﬂ d’y _An equation that consists of the function y = f(x), and

are as follows:

2Q+e"y=sinx
dx
2
d—2}+5ﬂ+4y=tanx
dx dx

ODEs arise in many physical phenomena such as engineering, population modeling, etc.

The solution of an ordinary differential equation is a function, y = f(x) satisfying the
ordinary differential equation.

8.1 INITIAL-VALUE PROBLEM (I1VP)

Consider an [VP of the first-order differential equation

y':f(an’)a y(xo):yo, Xo S.X'an. (81)

By using numerical methods, the interval of x is divided into » subintervals with width
h such that x; = x, +ih. We need to solve for y from i =1 to n. Notice that, by using
numerical methods, we only obtain discrete values of y. But by solving the differential
equation analytically, we obtain a continuous function of y(x). Five numerical methods,
i.e. the Euler, Taylor, Heun, Midpoint and Fourth-order Runge-Kutta method will be
discussed.

197
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CHAPTER 9

PARTIAL DIFFERENTIAL EQUATIONS

9.0

INTRODUCTION

(PDEs)

A partial differential equation (PDE) is an equation involving functions of several
variables and their partial derivatives with respect to those variables. Let us focus on
second-order linear PDEs with two variables x and y which can be written as

2 2 2
LDuy)  Puey) | Oulny) ouxy) | oulx,y)

ox*

oxoy

+Fu(x,y)=G,

2

oy ox

ay

9.1)

where 4, B, C, D, E, F and G are constants or functions of x and y only. Table 9.1 below
shows the classification of such PDEs.

Table 9.1: Classification of PDEs

B> —44C Category Example Equations
2
=0 Parabolic Heat equation Ou(x, 1) - L ou(x,1) =0
ox’ ¢t ot
2 2
>0 Hyperbolic Wave equation Ou(x,1) _L O"u(x,t) =0
ox’ ¢ or
Laplace’s Q’u(x,y) u(x,y) 0
equation Py + 3 =
<0 Elliptic
Poisson’s 52M(X,y) d%u(x, Y)
equation A2 + = /(%))
2% oy

PDE:s can be solved by many numerical methods such as finite-difference method, finite-
element method, wavelet, etc. In this chapter, we are going to discuss the solutions of
PDEs using finite-difference method, a classical method which is the easiest method
compared to other methods mentioned above.

249
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