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Abstract: This paper begins with general description on various methods for solving boundary layer equation. In
particular, Prandtl's boundary layer equation is a simplified version of Navier-Stokes equation that is solved
integrally. Order of magnitude analysis can be used to solve laminar and turbulent flow problems along the boundary
layer. A more complex technique based on Keller’s box method is also discussed. This study aims at utilising a
developed computer code which allows one to predict the development of boundary layer characteristics along
airfoils’ surface, and have a comparative understanding on flow behaviours between NACA 23012 and NACA 23021
airfoils, as well as 0° and 5° angles of attack. The ability of Keller’s box method to solve the boundary layer equation
prevails through correct skin friction, momentum thickness, and shape factor distributions over the surfaces. It was
found that skin friction in boundary layer over NACA 23021 is higher than that over NACA 23012 for about 10%
of the chord length from the leading edge. However, momentum thickness of the boundary layer over NACA 23021
is less than the boundary layer momentum thickness over NACA 23012 for the whole chord length. Similarly, the
shape factor H for the boundary layer over the former is smaller in comparison to the latter for about 30% of the
chord length.
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1. Introduction

Ludwig Prandtl was a professor of mechanics in a mechanical engineering department, and had no interest in fluid
mechanics before 1900. However, in 1904 he released his study “On the Motion of Fluids with Very Little Friction". It
was only eight pages long, yet would prove to be one of the most important and prestige fluid-dynamics papers ever
written. By 1930, Prandtl was recognized worldwide as the elder statesman of fluid dynamics [1].

He studied the influence of viscous effects on flow behaviors inside a limited domain, or boundary layer close to
the body surface in high Reynolds number flow. The fluid motion governing equation, namely the Navier-Stokes partial
differential equation, was applied to the flow inside the boundary layer, and simplified into a new equation called Ludwig
Prandtl's boundary layer equation. Solving the equation inside the boundary layer requires a numerical method. A
common numerical scheme used to solve the governing equation is called Keller’s box method. The Keller’s box method
program code by Bradshaw [1, 2] will be adopted and used in this study to predict NACA 23012 and NACA 23021
aerodynamic properties, as well as those at two angles of attack (i.e. at @ = 0°, and a = 5°).
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1.1 The Navier-Stokes Equation

The essential equations that describe a Newtonian flow are the continuity equation and the Navier-Stokes equations.
However, there are assumptions that can be made if the flow obeys the laws of a Newtonian fluid [3];
e There is a linear relationship between the stress tensor and the rate of deformation.
e The fluid is isotropic and thus there is no locally preferred direction.
¢ In the hydrostatic stress state, all tangential forces vanish and thus tensor, 7* = 0.
The Continuity Equation for a two-dimensional incompressible flow is given as

6u*+ v _ 0 1
ox* ay*_ &y

and the Navier-Stokes equations for a two-dimensional incompressible flow is given as
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1.2 Derivation of the Boundary-Layer Equations

The boundary layer equations are simplified by using Equation 1 and the Navier-Stokes equations for a two-
dimensional incompressible flow (i.e. Equation 2). As a result of Prandtl's boundary-layer concept in 1904, Prandtl
clarified the role of viscosity in fluid flow that is dominant only in a tiny layer. By estimating the order of magnitude in
each term in Equation 1 and 2, Prandtl obtain dimensionless equations for distance, x and y, velocity, u, speed, v, and
pressure, p [1 - 3].

Studying each fraction of x, y, u, v, and p demonstrates that x and u are in magnitude order 6(1), the wall-normal
distance y and speed v are in magnitude order 8(5*). Upon applying the transformations of Equation 1 and 2, the
magnitude of order 8(&) or less can be eliminated because & in boundary layer should be small and as the Reynolds
number approaches infinity. Thus, Equation 1 and 2 are reduced to a dimensionless form.

The momentum equation then implies that the pressure distribution is only x dependent. The pressure distribution
can be taken from the boundary layer's edge because it is constant in y-direction. At the boundary layer's edge, viscous
effects vanish, allowing potential solutions to calculate the pressure distribution. This implies that the velocity at the
boundary layer's edge can be calculated directly by solving the momentum equation in streamwise direction. Thus the
boundary-layer equations in physical coordinates for a steady, two-dimensional, incompressible flow is found. This
equation reduces the number of variables from (u, v, p) to (u, v). The initial Navier-Stokes equations (i.e. Equation 2)
also become parabolic, losing their elliptical nature. That is, the solution's effects only act downstream of the flow, greatly
simplifying the equations. The boundary layer equations can be solved steadily. It is written as

au* 4 ov" 0 3
L ou” i ou*  1ap” o o%u* .
u ax* v ay* - p* ax* v ay*z ( )
with
1 dp* au;
- 5
p*ox* ¢ ox* ®)
and the boundary conditions
y*=0: u*'=0 and v*"=0
yroo: ut=Ug(x) (6)

1.3 Integral Boundary-Layer Equation

The boundary-layer equation (i.e. Equation 4) is simplified if no velocity profiles are required. It is then solved for
the integral boundary-layer quantities. The first applications of the momentum integral equation to the solution of the
boundary layer were by Pohlhausen and Von Karman [4] who is also the former student of Prandtl’s. From the first
integral, Von Karman discovered that in an inviscid solution, the displacement thickness §; must be added to the airfoil
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and from the second integral, he discovered the momentum thickness &;. The length of the airfoil needed to match an
inviscid flow's total momentum thickness. It is defined as

oo

By integrating Equation 4, the local shear stress, ;, (x) at the wall can be analysed. Further simplification to the
integral boundary-layer equation is generated upon including the displacement thickness §; and the momentum thickness
&5 which yields an integral equation of two-dimensional incompressible boundary-layer (i.e. Equation 8). Aside from
that, solving Equation 8 yields another important boundary-layer feature that is the local skin friction coefficient, Cr (9).

] au; T, dé, 26,4+ 6;dU; T
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1.3.1 Solutions of the Integral Boundary-Layer Equation

Since Equation 8 is an ordinary differential equation, it is easier to solve than the original boundary-layer equation
(i.e. Equation 4). Historically, the integral boundary-layer equation was used to identify boundary layer characteristics
because it could be solved quickly. The direct boundary-layer equation (i.e. Equation 4) can now be solved in a reasonable
amount of time due to the increase in computing power over the last two decades [5 - 7]. It is worth noting that the integral
boundary-layer equation is still used in turbulent flows for parameter studies and airfoil design programmes. The solutions
discussed here are based on the First Walz method and Thwaites' method.

1.3.1.1 First Walz Method

This method uses the dimensionless boundary-layer profiles §*and the more precise and specified momentum
thickness &5 to generate an alternative shape parameter A from Equation 8. By introducing dimensionless parameter Z*,
the integral boundary-layer equation (i.e. Equation 8) becomes U; 6, /v, which can be simplified with the definition of
Z*. Using the dimensionless pressure gradient A from Pohlhausen parameters [4], the function F (1) is now based on the
momentum thickness.

With the Pohlhausen approach, the initial value 4, = 0.0770 is obtained. The second derivative of the edge
velocity is eliminated when using momentum thickness results instead of boundary-layer thickness data. Next, the first
derivative is used to calculate Z*(x*) and the almost linear function F(A) is used to simplify the nonlinear differential
equation. This linearization produces a closed-form solution that can be used to compute boundary-layer properties
immediately

xrzk a xb—1 *
UEZ =——p-1 Ue dx (10)
Ue

1.3.1.2 Thwaites Method

Like the first Walz technique, Thwaites defined his method's shape parameter 4 using the momentum thickness as
well. A dimensionless parameter G is also introduced as specified in the first Walz technique and is used to solve the
integral boundary-layer equation (i.e. Equation 8). Thwaites assumed the right-hand side of his final arrangement a
universal function dependent on linear function F(4) [4]. Upon simplifying, it is then multiplied with dimensionless form
velocity distribution U; directly, transforming the equation to be solvable to obtain the dimensionless momentum
thickness, &5 for the well-known function as

82(x) = 62(0) 0. (0) 6+ 045 xUS(x)dx (11)
2T U,(x) ReUeG(x)O ¢

27



Kumar, V. K. K. S et al., Journal of Advanced Mechanical Engineering Applications, Vol. 3, No. 1 (2022) p. 25-33

In order to describe a stagnation-point flow, Cebeci defined the dimensionless stagnation point's momentum thickness,

52(0) [8]. After obtaining &,(x), it is possible to determine the pressure gradient parameter A. Following that, the
8

dimensionless skin friction parameter | and the shape factor H;, = 5_1 are determined using the following relations
2
0.22 + 1.4021 + 00182 01<21<0
G ~ ' : o107+ JorT0ls=as (12)
0.22 + 1.571 — 1.842, for0< 1<0.1
2088+0'0731 for—01< 1<0
Hi, () = ' 014+ 21’ rmEEEA= (13)
2.61 —3.751 + 5.2442, for0< 1<0.1

1.4 Transformation of the Boundary-Layer Equation

Since Equation 4 is still in partial differential equation, the direct boundary-layer equation is simplified numerically.
To simplify flows near walls, the boundary-layer equation (i.e. Equation 4) is used. Falkner and Skan implemented that
a suitable transformation can help simplify the answer, where the wall-normal scaling factor is introduced. The wall-
normal quantity y is thus stretched to match the streamwise direction. As shown in Fig. 1(a), the maximum value of y
increases streamwise as the boundary-layer thickness increases. The calculation domain must be expanded in the wall-
normal way to satisfy the free-stream as in Equation 6. As shown in Fig. 1(b), boundary scaling in the wall-normal
direction in Equation 12 prevents the computational domain from rising.

(a) 0.014 T T T T (b)

y (m)

Fig. 1 - (a) Physical domain; (b) Dimensionless domain [9]

Introducing a dimensionless stream function, f that depends on x and n that solves the continuity equation (i.e.
Equation 9), and adding the stream function f to the boundary layer equation, a set of derivatives need to be solved.

This boundary layer transformation can solve the boundary layer of any shape body, like an airfoil. Decomposition
of the system of partial differential equations into a system of ordinary differential equations simplifies the solution.
Remarkably, the solution can also be used for wedge flow, with a constant pressure gradient. Upon applying the Falkner-
Skan transformation to the displacement thickness, §, and momentum thickness, §; from Equation 7, it yields

5 = /U— | 1= f)dn = Ly /W [ mG=p)an as

]
a
coefficient defined by equation is achieved by evaluating the derivative at the wall (n = 0) where U, is the free stream

velocity at infinity such that
U, [vx* U,
O =2y, [Toz fm©0 0 = 20e Ry fn.0) (1%

The friction coefficient C; is also determined by the partial derivative

z* of the wall shear stress. The local friction
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2. Methodology

2.1 Simplified Governing Equation

The Navier—Stokes equations, which are the governing equation of fluid motion is named after Claude-Louis Navier,
a French engineer and physicist, and George Gabriel Stokes, an Anglo-Irish physicist and mathematician. It was difficult
to solve because it was a set of nonlinear partial differential equations [1 -3]. Unlike laminar flow, which moves in smooth
paths or layers, turbulent flow is characterised by irregular fluctuations or mixing. In a turbulent flow, the fluid's speed
continuously changes in magnitude and direction. The two-dimensional turbulent boundary layer equation can be
obtained by decomposing into a mean and fluctuating component with the assumption that the fluctuating component's
mean is always zero.

We considered simplified Equation 3 to 5 of the momentum equation into an estimate of constant pressure in the
normal direction when compared term by term to the x-component. Turbulent flow boundary layer equations in two
dimensions are summarised as follows

6u+6v_0 16
ox 9y (16)

ou Ju  1dp d*u UV

—HV—= ———tv— — 17
u6x+v6y p6x+v6y2 dy a7
Op_ 18

2.2 Turbulence Model
In order to solve the governing equation inside the boundary layer as given by Equation 17, the Reynolds shear stress
ourvr
term (o 3y

model, which is the mixing-length notion in 1925. Despite the fact that both models were developed using incorrect
physical arguments, they have proven to be extremely useful in numerous fields. Cebeci employed the Falkner-Skan
variables and so the momentum equation for a turbulent flow, Equation 17, can be rewritten as

) has to be defined. We adopted the Cebeci-Smith Turbulence model [8, 9]. Prandtl also presented another

Ju Ju 1dp 0 /. Ou
- ( ) (19)

Yo ey T Tpox Tay\ay

where b = v + €, . Thus, the addition of turbulent eddy viscosity is the only computational difference between laminar
and turbulent boundary layers.

2.3 Transition point from Laminar to Turbulent Flow

In the solution of the boundary layer equations, it is necessary to predict the onset of transition and the region of
transition from laminar to turbulent flow. In order to estimate the transition point, we used the Michel Method. By making
use of linear stability theory and expression given in Cebeci and Smith, it suggests that transition point occurred at the
point where the Reynold momentum thickness R, and the Reynold number R,, fulfil the following relation [8, 9]

22400
Rex

Rey = 1174 [1 + ] R, "% (20)

In above equation #and x are the boundary layer momentum thickness and the location of control on the body surface
having a distance x from the leading edge’s stagnation point, respectively. The air density is pand x is the air viscosity.

2.4 Numerical Techniques

2.4.1 Transformation of Airfoil Coordinates and Variables

The x/c and y/c coordinates of the airfoil were supplied as inputs and referred to as xc and yc, respectively, in the
programme. Beginning at the stagnation point, the programme redefined these coordinates into a single parameter
corresponding to a surface distance

x; = xi-g ++/ (xc; — x¢;_1)? + (ye; — Yci-1)? (21)
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As a result, the variable x used by the programme internally in the boundary layer equations is this surface
coordinate. The well known Falkner-Skan transformation was used to transform the variable y. Boundary layer formation
was eliminated in laminar flow and reduced in turbulent flow. This increased streamwise steps while improving
computational efficiency. For the x transformation, the reference length is the chord of an airfoil, so & = x/c. The surface
distance x differs from the input x/c coordinates. Upon transformation, it produces a dimensionless stream function
f(x,n). Equation 16 and 17 and the boundary conditions may then be rewritten in terms of the new variables

m+1
2

af’ a
ff+mll - ()% =f< 'a—]; —f”%)

3
N fv—wdf
U
¢o

Ue
Uo

n=mn f'=1 (22)

Bf") +

n=0 f'=0 fE0=/£f@=-

2.4.2 Keller’s Box Method

The dimensionless stream function f(x,n), is still in a second-order partial differential equation, hence can be
numerically solved using Crank-Nicholson or Keller’s box methods. The Keller’s box approach begins by reformulating
higher order equations into a series of first order equations. Approximation of these equations used centred-difference
derivatives at each rectangular grid section. The grid points from The Keller’s box method were then linearized using
Newton's approach. The method assumes an approximate solution from the previous iteration cycle or streamwise station.
The approximate solution was then updated with minor unknowns. A block tridiagonal matrix-vector structure allows
the subroutine SOLVE in program code Keller’s box method to efficiently solve for the tiny numbers. Newton's method
was repeated until the small numbers were ignored [5, 7, 9].

The truncation error is of the 2" type order. The resulting implicit nonlinear difference equations were linearized
and solved by block elimination. Using the following definitions, as a first order system, the u and v in Equations 22 are
not velocity components. There are two new arbitrary variable names for the first order system expression. In order to
maintain consistency in the numerical explanation, these specific variable names were used. The grid points were defined
as

fr=¢flikn p=12..,N & =0
nj=MNj-1thy j=12....] no=0 n;=n, =

where N and J are the maximum number of streamwise and normal grid points used, respectively. The superscript n, like
the subscript j, is a counter. This allows the use of both counts on the same variable. The box's midpoint was approximated
by centering first in one direction, then the other. The boundary conditions at & = £° are

fi'=fw ug=0 ut=1 (24)

2.5 Coordinates Files and Velocity Distribution

The airfoil geometry in this study was obtained from airfoiltools.com. In order to solve the boundary layer equation,
the code demands that the velocity distribution, Uz and the number of nodes or number of panel are provided all together
with the airfoil coordinates. Upon applying Bernoulli’s Law for pressure, U can be solved for an inviscid flow. The
coordinates data along the velocity distribution was arranged together in a file and saved as .dat.

3. Results and Discussion

3.1 Skin Friction Coefficient

The skin friction coefficient Cr describes the skin shear stress caused by viscous fluid flow around the airfoil's walls,
and is only measured on the airfoil's suction surface.

The coefficient in boundary layer over NACA 23021 is higher than that over NACA 23012 for about 10% of the
chord length from the leading edge as shown in Fig. 2. This is due to the thicker airfoil section in the case of the former.
The difference in Cs is negligible for the rest of the chord length downstream.

In Fig. 3, however, Cs in boundary layer at & = 0° is greater than that at o = 5° for around 40% of the chord length
from the leading edge. This information needs further attention, and an improvement of the prediction method is
necessary. The coefficient should be greater at higher a due to the increment of wetted (or total) surface area in contact
with fluids.
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Fig. 2 — Skin Friction Coefficient of the boundary layer over NACA 23012 and NACA 23021 at a = 0°
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Fig. 3 — Skin friction coefficient of the boundary layer over NACA 23012 at & = 0° and a = 5°

3.2 Momentum Thickness

When studying a boundary layer it is necessary to obtain the results of the momentum thickness &5 and shape factor
H. The shape factor is a simple parameter that relates displacement thickness §; and §;.

In general, momentum thickness of the boundary layer over NACA 23012 is higher than the boundary layer
momentum thickness over NACA 23021 for the whole chord length as shown in Fig. 4. This information confirms that
the lost of momentum flow rate within the boundary layer which defines §; should be higher than the rate that would
occur in the case of boundary layer over thicker airfoil (i.e. NACA 23021).

The following Fig. 5 shows that §; at o = 0° is bigger than §; at a = 5° for approximately 30% of the chord length
from the leading edge. However, the real phenomena indicate greater momentum thickness for greater a where the
boundary layer tends to separate from the surface of the airfoil.

0.0008 T
0.0006 + PN .
*N ﬂﬂ.ﬂ.f."lhmﬂ
o 0.0004 + _ '._...ﬂ.‘f.rv.
T — — = NACA 23012
1 e
00002 &  mer e+eeeee NACA 23021
0 : : : : :
0 0.2 0.4 X 0.6 0.8 1

Fig. 4 — Momentum thickness of the boundary layer over NACA 23012 and NACA 23021 at a = 0°
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Fig. 5 — Momentum thickness of the boundary layer over NACA 23012 at = 0° and « = 5°

3.3 Shape Factor

In Fig. 6, the shape factor H for the boundary layer over NACA 23012 is bigger in comparison to NACA 23021 for
about 30% of the chord length from the leading edge. This means that there is a stronger adverse pressure gradient with
regard to NACA 23012. In other words, the corresponding boundary layer is relatively near separation. The difference in

H is negligible for the rest of the chord length downstream.
In Fig. 7, H at o = 0° is greater in comparison to a = 5°, in general. Obviously, the prediction method needs to be

enhanced for a better illustration. The factor should be greater at higher « indicating the bigger possibility for boundary
layer separation.
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Fig. 6 — Shape factor of the boundary layer over NACA 23012 and NACA 23021 at a = 0°
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Fig. 7 - Shape factor of the boundary layer over NACA 23012 at ¢ = 0° and « = 5°
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3.4 Average Difference

Comparative parameter profiles given in Fig. 2 to Fig. 7 were reconfirmed by calculating average difference between
data values (i.e. those of Cr, 62*, and H) with respect to airfoils as well as angles of attack a. The corresponding values
are listed in Table 1 and Table 2. We take NACA 23012 and « = 0° as references.

Table 1 - Average difference between the parameters of boundary layer over NACA 23012 and NACA 23021 at

a=0°
Parameter Average Difference
o Cr23021-Cr2302 = 1.3x10%
5,* 023021-623012 =-2.3x 107
H Hasoz1-Hzsoz = -4.6 x 102

Table 2 - Average difference between the parameters of boundary layer over NACA 23012 at « = 0° and a = 5°
Parameter Average Difference

Cs Cis-Cio  =-1.5x10%
0 6s5-6o =-1.7x10%
H Hs-Ho =-1.1x10%

4. Conclusion

This paper highlights the study of boundary layer over airfoils NACA 23012 and NACA 23021. This aids in
comparative understanding on flow behaviors between airfoils as well as angles of attack. Three major parameters of
interest, namely skin friction factor C;, momentum thickness, §,* and shape factor H, were successfully generated with

respect to x. It also shares some useful research data on overall airfoil performance by investigating changes in boundary
layer characteristics. The programme code used is particularly unique, and proven to be beneficial in achieving the
objectives of study. Future study would involve the location of transition between laminar and turbulent flow in boundary
layer, and the flow separation.
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