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1. Introduction 

Today, the fracture of materials is one of the most important issues in developing the industry. Thus, it is essential 

to have sufficient information and knowledge about material fractures to prevent sudden fractures and unexpected 

failures in the structures. Given that, man-made structures always have structural defects such as the existence of fine 

cracks, it is always helpful to know about the displacement and stress fields around the crack tip. Ensuring the analysis 

of the cracks is very important to identify and evaluate the safety and to predict the structural stability. Due to the 

advances in computer science, the use of numerical methods has become popular due to their low cost and good 

accuracy. One of the recently developed numerical methods is named mesh-free method. These methods mainly 

approximate the unknown field by a linear combination of shape functions built without requiring the recourse to mesh 

the domain. In the recent decades, several mesh-free methods have been used for analysis of the engineering problems 

including the Smoothed Particle Hydrodynamics (SPH) method[1], Element –Free Galerkin (EFG) method[2], 

Reproducing Kernel Particle  (RKP) method[3], Finite Point (FP) method[4], the HP-meshless clouds method[5], 

Meshless Local Petrov-Galerkin (MLPG) method[6], Local Boundary Integral Equation (LBIE) method[7], finite cloud 

method[8], and Discrete Least Squares Meshless (DLSM) method[9], [10]. 

Abstract: Studies on the cracked plates have shown high variations in the stress values around the crack tip. On 

the other hand, micro-cracks are observed in man-made pieces. Thus, analysis of stress fields as well as 

displacement at the crack tip will be inevitable and very important. Mesh-free methods are new techniques that do 

not require applying the communication-based concept on what is presented in the finite element method. The 

discretization of the problem domain is done by a set of node points. In the present study, the Element-Free 

Galerkin (EFG) method was used to analyze the problems of linear elastic stress field in cracked bodies. Two 

important and essential measures (steps) were done for increasing the accuracy of the results obtained from the 

analysis of the problems. In the first step, the standard moving least squares shape function was enriched for 

capturing discontinuity, using some extra basis functions obtained from analytical solutions.  In the next step, some 

consideration was applied in the case of confronting non-convex paths and discontinuities. For this purpose, the 

diffraction method was used to generate suitable shape functions. Finally, the accuracy of the results and proper 

efficiency of the proposed extended EFG method were assessed by the standard problem analysis and the results of 

numerical analysis were compared with the theoretical results. 

Keywords: Element-Free Galerkin (EFG) Method, Crack Modeling, Enrichment of Basis Functions, Diffraction 

Technique, Stress Concentration Factor 
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Numerous numerical methods have been proposed to model the fracture in the last few decades including the 

Standard Finite Element Method (FEM)[11]–[21], the Extended Finite Element Method (XFEM)[22]–[24], and the 

Hybrid Finite Element Method[25], [26], that all of them have provided an appropriate level of accuracy. Chan et al., 

investigated the ability of the FEM to determine the stress concentration factor around the crack tip, taking into account 

the influence of the dimensions of the element[18]. Melenk and Babuska (1996) attempted to reduce the computational 

cost and increase the finite element accuracy, and they developed a method called the Partition of Unity Finite Element 

Method (PUEFM)[27]. In the next few years, a method known as the extended finite element was proposed and 

developed by other researchers, such as Belytschko and Moes [22], [24], [28]. It should be noted that the XFEM has 

some drawbacks. In general, the use of mesh-based approaches for analysis of problems with complex or moving 

boundaries or those changing over time in geometry and topology analysis will require an iterative and continuous 

problem domain meshing process. Clearly, analysis of such problems is very costly and time-consuming. For 

addressing such problems, many researchers have focused on the mesh-free methods[28]–[37]. Nayroles et al., 

introduced a reasonable and acceptable method for analysis of the engineering problems known as the Diffuse Element 

Method (DEM) [11]. Then, Belystchko developed the EFG method in 1994 based on the DEM[31], [32].  

In each method, there are inherent limitations causing problems in the process of problem analysis. At the 

beginning of applying the mesh-free methods in the 1970s, this method was first used by Gingold and Monaghan as the 

(SPH method to study and model the astronomical phenomena for simulating the formation of stars. The problem in the 

mesh-free methods is modeled in its domain and boundaries through the arrangement and placement of a set of nodes in 

the problem area. It should be noted that, this set of nodes does not represent a mesh, so no relationship will be required 

between the nodes. Over the past 20 years, the EFG method has been one of the most interesting and popular methods 

in the field of fracture problems. The EFG approximation for the discrete system has been based entirely on the 

parameters of the nodal values. In this method, smoothing weight function techniques, enrichment, and nodal 

refinement in a local sub-domain adjacent to the crack tip have been used to simulate the fracture problems. Belytschko 

et al., (1995) used the EFG method to study the cracked plates[31].  

Thus, they used the concentration and nodal refinement around the crack tip in order to obtain the appropriate 

results. Fleming et al., (1997) also used the EFG method to analyze the crack problems[28]. They used two enrichment 

techniques to overcome the stress field singularity called the internal enrichment and external enrichment. So that, the 

changes made in the first technique were in the approximation function and the second technique was the basis 

function. In the second enrichment technique within the formulation framework, they enriched part of the problem area 

in the vicinity of the cracks around the basis function and used the linear function in the rest of the problem areas. 

Based on this method, they carried out the investigations on the plate with an edge crack subjected to tensile and shear 

tension. Li and Cheng (2005) used an enriched meshless manifold method for crack modeling[38]. The local 

enrichment around the crack was used in order to improve the accuracy, finite cover approximation theory was 

proposed to model the cracks. Muthu et al., (2014) proposed a closed integral technique in order to obtain the stress 

concentration factor[33]. In this regard, the EFG method was used based on local enrichment of nodes around the 

crack. They showed that the applied technique has appropriate accuracy. In relation to the fracture problem, Liaghat et 

al., (2019) used the cohesive crack technique in the numerical method[30].  

They used the mesh-free radial point interpolation method for numerical simulation. Visibility criteria were also 

used to introduce the crack discontinuity. The  validity and effectiveness of this method were confirmed by analyzing 

the problems of cracked structures.  Several studies have been performed using artificial neural network modeling 

approach to investigate stress concentration and crack propagation. This method is inspired from the working of the 

human brain. An artificial neural network acquires the data during the training process. These data should be obtained 

from experimental results or mathematical results or numerical methods[39]–[41].  

Thus, in the present study, the extended element-free Galerkin (XEFG) method is proposed to solve the fracture 

problems and study the stress distribution around the crack by linear elastic fracture analysis according to the 

advantages of mesh-free methods over mesh-based ones. The internal enrichment method is used to increase the 

accuracy in high gradient areas such as the crack tip for introducing the crack discontinuity. One of the advantages of 

this method is that the unknown coefficients are not added to the system of equations that results in not imposing high 

computational costs. Finally, among the available techniques and methods for introducing the crack and its 

consequence, the calculation of stress concentration factor, diffraction criterion technique, and J-integral method were 

used due to their simplicity and providing the required accuracy. 

 

2. Moving Least Squares (MLS) Approximation 

Around 1960, MLS approximation has been used for smoothing the surface interpolation of the points with 

variable values, and it is now one of the most widely used methods among the mesh-free methods to approximate the 

functions. )(x is the function of the field variation in the domain
x

 , the MLS approximation in the influence 

domain for any arbitrary point x can be defined as following: 
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Where, n is the total number of the terms in polynomials basis and a(x) represents the coefficients vector, which is 

a function of x:  
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In Equation (1), P(x) is a basis functions vector that is chosen from the lowest order monomers in most cases. It 

should be noted that, the increase in the number of basis terms increases the accuracy and access to stress domain with 

specific characteristics for example, singularity at the crack tip or stress discontinuity in the interface of the two 

materials. The number of basic terms (m) can be determined for polynomials with the highest order (t) in the following 

relationships: 
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The coefficients, a(x) can be determined by minimizing a weighted discrete L2 norm with respect to these 
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Where, )
I

(W xx −ˆ  is the weight function for node I, which is zero outside of the influence domain of node I. The 

weight functions have two important roles in creating the shape functions by the MLS method. Firstly, the weight 

function provides the weight values for the residuals at different nodes in the influence domain. Secondly, it ensures 

that the nodes leaving or entering the influence domain are formed gradually when X moves. This is of high importance 

because, in this way, it makes sure that the constructed MLS shape function satisfies the compatibility condition. The 

minimization condition requires: 

                                                  

0
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J
=




                                                                                                                                       (10)  



Derazkola et al., International Journal of Integrated Engineering Vol. 14 No. 4 (2022) p. 171-187 

174 

 

Resulting in the linear equation system: 
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Where, SU  is the vector collecting the nodal parameters of the field variation for all nodes in the influence 

domain: 
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So, the coefficients of the vector are determined: 
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Substituting the above equation into Equation 9 gives us the following equation: 
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The shape function of the MLS can be presented as follows: 
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3.     Enrichment of Basis Functions  

In the previous studies, the internal enrichment method has been proposed to increase the approximation accuracy 

of the analysis results, especially in discontinuity problems such as structures with cracks [42]. This method is based on 

adding terms to the basis functions to increase the accuracy of the results around the discontinuities with high gradients. 

Since, the crack is investigated as a cause of discontinuity in this study; therefore, the components of the displacement 

domain at the crack tip are proposed and adopted as terms added to the basis function. Relations of displacement 

obtained by theoretical analysis are presented as follows[42]: 
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Where,   and IK are the shear modulus and the stress concentration factor of the mode  , respectively r denotes 

the distance from the crack tip ,   is the angle for the line of the crack tip connecting to the line tangent to the crack tip 

direction according to Fig.1 ,and  for the plane stress analysis is equal to




+

−

1

3
, where  is the Poisson coefficient. 

 

x

Θ 

Crack Path Crack Tip

r

 
Fig. 1 - Coordinate axes at the crack tip 

 

The basis function was selected in two dimensions for the problem analysis: 
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   According to the relations of displacement of the crack tip, the adopted enrichment components are as follows: 
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   Therefore, the basis function is generally as follows: 
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4.     Weight Function 

In all the mesh-free methods, many weight functions are used to provide the shape functions. The main 

characteristic of these functions is that they are greater than zero inside the sub-domain and they are zero outside the 

sub-domain. It should be noted that, the shape functions in some mesh-free methods do not satisfy the Kronecker Delta 

condition. In this study, the cubic spline weight function was used[43] , which is given as follows: 
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Where, x  and
I

x  are the coordinates of the Gauss points and nodal, respectively and
w

d  is the influence domain 

for a node
I

x . 

 

5.     The Governing Equations  

A two-dimensional, linear elastic problem on the domain  was considered as shown in Fig. 2. The governing 

equilibrium equation is as follows: 

 

                                                                         .σ b 0 Ω Domain + =                                           (27) 

Where,  is the stress vector related to the displacement domainU  and b is the force vector. 

The boundary conditions will be as follows: 

tσ.n=                                                            Based on the stress tΓ  on the boundary                (28)         

uu ˆ=                                                                   Based on the displacement uΓ  on the boundary   (29)     

 

Given the weak form, the final discrete equations will be obtained as follows: 
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Fig. 2 - Discretization of the problem domain by nodal points,  derivative boundary conditions, and  main 

boundary condition 
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For plane stress problems, we have: 
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Where, E  and  are modulus of elasticity and Poisson coefficient, respectively. It should be noted that, the 

stiffness matrix K is a symmetric matrix. 

 

6.     Introducing the Discontinuity in the Mesh-Free Method 

Discontinuities in the solid mechanics are classified into two groups: strong discontinuity and weak discontinuity. 

Strong discontinuity in the displacement field includes the cracks and weak discontinuity involves the discontinuity of 

the displacement derivatives called as strain discontinuity. Since, the crack is of the discontinuity type in the 

displacement field thus, it is considered as a strong discontinuity, and the mesh-free method is based on the use of 

smooth shape function applying the derivatives with high orders of consistency. Therefore, it is important to define the 

discontinuities in order to solve the crack problems in the mesh-free method. Visibility, diffraction, and transparency 

criteria are among some methods used for introducing the correct discontinuity. In this study, the diffraction criterion 

was used to introduce the discontinuity. This method was first introduced and developed by Belytschko et al., to be 

used in two-dimensional problems. This method was inspired by the diffraction phenomenon of light, and it is based on 

making the changes in weight values, where the weight function is defined. In this method, the function is deviated and 

deformed near the crack tip, and the radius of influence around the crack tip is broken and circumvents the crack tip. 

Therefore, the modified distance in the diffracted zone will be as follows: 
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Ix denotes the nodal points, 

and
T

x  represents the coordinates of the crack tip point (Fig. 3). The parameter  is most often set to be 1 or 2. 
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Fig. 3 - (a) Diffraction method design near the crack tip and (b) Influence domain of node I 

 

7.     Numerical Results 

Analyses were performed on the plates with edge crack, double crack, and central crack to investigate the 

performance and accuracy of the results obtained by the extended element-free Galerkin method, around the crack, and 

near the crack tip. The governing theory suggests the linear elastic stress domain in the cracked body and the relations 

used in this analysis are based on the plane stress. Elasticity coefficient of Mpa
7

103E =  and Poisson coefficient of 

3.0= were chosen for all the problems. According to the theory, the solution to the stress concentration factor can be 

obtained as follows: 

                                            πaCσ
I

K =                                                                                               (38)   

Where, a is the crack length,  represents the applied stress, and C is the correction coefficient, which can be 

calculated for the different modes of crack displacement in the plate. In the numerical analysis of the cracked plates, 

the J  integral method was used to compute the IK . For evaluating the results, the error value is given by the following 

relation: 

                 100
)(

)()(


−
=

exactI
K

exactI
K

XEFGI
K

Error                                                                (39) 

All simulations are performed on hp Intel(R) Core (TM) i7-6700HQ CPU @2.60 GHz and 16 GB RAM. 

 

7.1    Edge -Cracked Plate  

As shown in Fig. 4(a'), a rectangular plate was investigated with dimensions of 1×2 m and an edge crack subjected 

to the tensile stress of
Mpa

1σ =  and shear stress of
Mpa

0=  in the lower and upper edges. This plate was analyzed 

for the node numbers of 233, 499, and 865 with regular node arrangement as depicted in Fig. 4(b), as well as a number 

of different Gauss points. The correction factor C for calculation of the IK is determined by the following relation: 

430.39(a/W)321.72(a/W)210.55(a/W)0.231(a/W)1.12C +−+−=             (43) 

 

As demonstrated in Fig. 5, the results of the stress domain showed that the singular stress is captured by regular 

XEFG and the effects of crack discontinuity are clearly visible. As indicated in Fig.6, the stress distribution ahead of 

the crack was in good agreement with the theoretical results and the effects of enrichment on the crack tip and stress 

values were observed so that, the results related to the lack of enrichment showed more stress in the vicinity of the 

crack tip according to introducing of the crack but it was unacceptable in comparison with the theoretical results. 
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However, the effects of the number of Gauss points were evident with respect to the value stress at the crack tip, 

especially on the node number of 865(Fig. 7). 

a

w
w

w
σ 

σ 

                           
                               (A)                                                           (B) 

Fig. 4 - (a) Plate with an edge crack subjected to uniform tension; (b) Node arrangement 

 

 
                                  (A)                                                 (B) 

Fig.  5 -  Stress contour for 865 nodes and 7850 Gauss points (a) In the Y direction; (b) In the X   direction 

 

 
Fig. 6 - Comparison of stress variations along the crack tip for XEFG, EFG, and Analytical methods  
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Fig. 7 - The variation in stress along the crack tip for 865 nodes and different numbers of Gauss points 

 

Table 1 shows 
IK values and error values obtained based on relation (42). The results of

IK  values showed that 

they were satisfactory for the node numbers of 865 and 499 but they were not acceptable for the node number of 233. It 

should be noted that, the
IK  results were incorrect and could not be verified in the non-enriched state for the node 

numbers equal to the enriched state. 

Table 1 - 
IK  and error values obtained relative to analytical values 

 233 499 865 

 KI-XEFG Error KI-XEFG Error KI-XEFG Error 

7584 - - 1.06036 2.41 1.06074 2.38 

5320 2.115 94.6 1.128 3.81 1.0775 0.84 

1992 3.298 203.5 13.31 - 13.96 - 

 

 

a.  Double-Edge Cracked Plate 

In this section, a plate with dimensions of 2×2 m with a double-sided edge crack of 0.2 m is considered for 

simulations as shown in Fig.8 (a). For the symmetry shown in Fig. 8(b), a second plate under tensile stress of 
Mpa

1= and shear stress of
Mpa

0=  in the lower and upper regions was analyzed with regular nodal 

arrangement. The correction factor C for calculation of the 
IK is obtained as follows: 

                  
31.93(a/W)21.20(a/W)0.20(a/W)1.12C +−+=                                                        (41)   

Studying the stress results along the crack axis showed that it has good accuracy compared to the theoretical values 

(Figs.9 and 10). It should be noted that, according to the results obtained from analysis of the double -cracked plate, the 

stress singularity around the crack tip is captured under both enrichment and non-enrichment conditions, guaranteeing 

the suitability of the adopted method and the enrichment effects are evident on the stress values. Fig.11 shows the 

variation of 
IK values with respect to the number of Gauss points so that, the effects of choosing the number of Gauss 

points are evident on the accuracy of
IK  values. Studying the 

IK values showed that they were satisfactory for the 

node numbers of 865 and 499. 
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                                           (A)                                                   (B) 

Fig. 8 - (a) Plate with double cracks under tensile stress (b) Node arrangement 

 

 

 
Fig. 9 - The variation in stress along the crack tip for 865 nodes and different numbers of Gauss points 

 

b. Center-Cracked Plate 

As demonstrated in Fig.12, a plate was investigated with dimensions of 2×2 m and a central crack subjected to the 

tensile stress of
Mpa

1σ =  in the lower and upper edges. The length of the central crack was equal to 0.4 m. For the 

symmetry shown in Fig. 8(b), a second plate with regular nodal arrangement was analyzed. For comparing the results 

of the Stress Intensity Factors(SIFs) obtained from the proposed extended element-free Galerkin method and meshless 

method based on Shepard function and Partition of Unity introduced by Cai et al., elasticity coefficient and Poisson 

coefficient were chosen as MpaE
4

103= and 25.0= , respectively. The correction factor C for calculation of the 

IK is obtained by: 

31.523(a/W)20.288(a/W)0.128(a/W)1.00C +−+=                   (42) 
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Fig. 10 - Comparison of stress variations along the crack tip for XEFG, EFG, and analytical methods  

 

Table 2 - 
IK  and error values obtained relative to the analytical values 

 233 499 865 

 KI-XEFG Error KI-XEFG Error KI-XEFG Error 

7584 - - 0.86151 3.76 0.90479 6.19 

4338 0.84159 1.36 0.85454 2.92 0.87934 5.91 

1992 0.89378 7.65 - - 1.0017 20.65 

1410 0.72878 12.22 0.76259 8.15 - - 
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Fig. 11 - Diagram of 

IK  values obtained by the XEFG method for 499 nodes relative to the analytical values 
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(A)                                                           (B) 

Fig. 12 - (a) Plate with a central crack under uniform tension (b) Node arrangement 

 

 Fig.13 shows the stress results along the crack tip for enrichment and non-enrichment conditions. It was observed 

that enrichment of the basis function greatly improves the accuracy of stress values for the same number of nodes, and 

the results had a good accuracy compared to the analytical results. It is very effective to select the number of Gauss 

points with respect to the nodal points in order to increase the accuracy of the stress values around the crack. (Fig.14) 

Table 3 describes the values of the stress concentration factors for the proposed extended element-free Galerkin 

method, the MSPU method introduced by Cai et al., and the analytical values. The results of the XEFG method had a 

proper accuracy for the node numbers of 865 and 499 and the increase in the number of a node resulted in more 

accurate results. However, the arrangement of nodes in the proposed method was regular and in the MSPU method, it 

was irregular with node density in the domain of cracks. 

 

 
Fig. 13 - The variation in stress along the crack tip for 865 nodes and different numbers of Gauss points 
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Fig. 14 - Comparison of stress variations along the crack tip for XEFG, EFG, and analytical methods  

Table 3 - SIFs    of  the  plate with a central crack 

Method XEFG XEFG MSPU Analytical 

Node 499 865 2333 ------ 

KI 2.0904 2.4323 2.4202 2.4404 

 

SIFs were determined using the domain form of the J-integral shown in Figs.15-16. The results are related to the 

node numbers of 865 and 499. The J-integral was theoretically independent of domain, but there was an oscillation in 

the results. As can be seen, the results are of good accuracy in the paths with the lengths of 0.1a and 0.2a. 

 

 

 

 

Fig. 15 - Domain for calculating the J-integral 

 

The results of the stress concentration factor in different paths had lower variation for the node number of 865 than 

the node number of 499 showing that the stress distribution has a reasonable smoothness around the crack following the 

increase in the node number. As for the computational time (total CPU time) comparison for different nodal 

distributions are illustrated in Table 4. 
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Fig. 16 - Effects of changes in the dimensions of the integration domain on KI 

 

Table 4 - The computational time (total CPU time) comparison for number of different nodal. 

 

 Node 233 499 865 

Time(sec) 83.03 173.05 292.91 

 

8.     Conclusion 

The phenomenon of structural cracking is among the most important factors in the structural failure, which is also 

one of the special challenges and difficulties of the engineers in numerical The phenomenon of structural cracking is 

among the most important factors in the structural failure, which is also one of the special challenges and difficulties of 

the engineers in numerical modeling. Although, the FEM has a good ability to model the cracks, the use of the shape 

functions, and high cost of meshing creates some limitations in the analysis of such problems. Over the past few 

decades, numerous research has been carried out on the mesh-free methods in solving differential equations and 

problems involving the cracks. The EFG method is one of the numerical methods used for solving the structural 

problems. This method has some advantages including the accuracy, simplicity, and low cost of calculation eliminating 

many difficulties of the mesh-based methods. Thus, in the current research, this method was used to analyze the 

problems of elastic fracture mechanics including the plates subjected to tension with edge and double and centeral 

cracks. A set of nodes with regular arrangement was used on the surface of the model to discretize the problems. Two 

approaches were applied as the main challenge in the computational mechanism in order to correctly calculate the stress 

concentration factor and stress around the crack tip. Firstly, the basis functions were enriched by adding the 

components of the near-tip displacement field for total nodes. The simplicity and convenience of use in this method is 

considered a feature and advantage of the proposed method. Then, the diffraction criterion technique, as one of the 

most efficient methods for introducing the cracks in the mesh-free method was utilized in order to apply the 

discontinuities caused by the presence of cracks. It should be noted that, the J-integral method was also used to 

calculate the stress concentration factor. The results regarding the calculation of J-integrals showed that in the 

rectangular path, the path width was suitably selected about 0.1 - 0.2 of the crack length. The results of the stress field 

analysis for the edge-cracked, double-cracked, and center-cracked plates showed that the singularity phenomenon of 

the stress at the crack tip can be seen very obviously by the predicted method and the stress in the crack was acceptable 

compared to the theoretical results. Clearly, the results showed that increasing the number of nodes is very effective in 

the accuracy of the results, and selection of the number of Gauss points proportional to the node number is also 

important. It should be noted that, increasing the number of nodes and Gauss points leads to an increase in the 

computational cost. Thus, in the future studies, it is suggested to investigate on the concept of cohesive crack to 

simulate the nonlinear behavior of the materials in the fracture process zone, which may be effective in the accuracy of 

the results. 
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