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A combined Laplace Transform (LT) and domain-boundary element 
method (DBEM) was utilized to obtain numerical solutions for a spatio-
temporal coefficient Helmholtz-type equation with arbitrary initial 
conditions and source terms, addressing acoustic wave problems in 
functionally graded materials (FGMs). The procedure begins by 
transforming the equation of the time-space variable coefficients into 
one of the time-variable coefficients. The equation was then converted 
into an integral equation using the Gaussian divergence theorem. The 
time variable of the integral equation is reduced by utilizing LT and its 
convolution theorem to obtain a domain-boundary integral equation. 
Numerical solutions within the LT framework were then obtained 
using the standard domain-boundary element method. These 
numerical solutions were inverted using the Stehfest method to obtain 
solutions for the original time variable. Several problems involving 
trigonometric, exponential, and quadratic spatial gradation function 
coefficients were solved. The numerical validation demonstrates 
exceptional accuracy with mean absolute relative errors as low as E = 
0.001138 for quadratic gradation materials (Ns=10, Nc=32), E = 
0.003411 for exponential gradation materials (Ns=8, Nc=32), and E = 
0.004279 for trigonometric gradation materials (Ns=8, Nc=16). 
Computational efficiency analysis reveals optimal performance 
parameters, with relative CPU times ranging from 0.302452s to 
1.93548s depending on the gradation type and discretization 
parameters. The validity of the analysis used to derive the domain 
boundary integral equations was verified, and accurate DBEM solutions 
were obtained. This study successfully extends the LT-DBEM approach 
to handle arbitrary source terms and initial conditions in variable 
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coefficient problems, providing a robust and computationally efficient 
method for analyzing acoustic wave propagation in diverse functionally 
graded material configurations with superior accuracy compared to 
traditional approaches. 

1. Introduction 
Modeling and simulation are cost-effective and time-efficient research methods that can provide fairly accurate 
problem solutions (see, for example, [1-7]. However, their application is limited due to the assumptions on which 
the models are based. Therefore, expanding or refining the models is always necessary to cover specific cases so 
that the models become more flexible.  

The Helmholtz equation plays a significant role in the modeling of functionally graded materials (FGMs), 
particularly in contexts where wave propagation, acoustics, and vibrations are of interest. **Recent advances in 
FGM modeling have demonstrated various approaches: topology optimization for graded damping materials to 
minimize sound pressure under harmonic excitation [8], semi-analytical methods for vibro-acoustic analysis of 
functionally graded shells in fluid environments [9], and power series solutions for wave equations in FGM 
cylindrical structures [10]. The Helmholtz equation is also crucial for modeling thermoacoustic effects in FGMs, 
where temperature gradients significantly affect acoustic wave propagation. This application is particularly 
important in high-temperature environments such as gas turbines and combustion chambers, where 
thermoacoustic systems enable energy conversion between thermal and mechanical energy [11-13]. 
Thermoacoustic engines and converters are designed to convert heat into acoustic energy, and vice versa, with 
applications in energy harvesting and low-grade heat recovery. Thermoacoustic engines rely on the structural 
properties of porous materials and the geometric features for optimal thermodynamic performance. 

Various numerical methods have been developed to solve FGM problems governed by the Helmholtz equation. 
Notably, Laplace Transform combined with boundary element methods has shown promise for unsteady 
Helmholtz-type equations in anisotropic FGMs [14], while dual reciprocity and local semi-analytical meshless 
methods have been evaluated for their computational accuracy [15]. 

Several other recent studies have involved the modeling and simulation of various steady and unsteady 
problems in heterogeneous and anisotropic materials, governed by different types of equations. Several studies 
conducted during the last decade, such as those in [16, 17, 18, 19, 20, 21, 22, 23, 24], focused on governing 
equations where the coefficients, representing material properties such as diffusivity/conductivity, velocity, 
reaction, and rate of concentration change, depended on spatial and temporal variables. Notably, the study in [16, 
22, 23] focused on models using the Helmholtz-type equation as the governing equation, with coefficients 
dependent on spatial and temporal variables, assuming a zero-source term and initial conditions. This study aims 
to build on the study in [22, 23], moving from the case of spatial and temporal variable coefficients, zero source 
terms, and initial conditions to the case of spatial and temporal variable coefficients, arbitrary source terms, and 
initial conditions. 

2. The Problem Statements 

2.1 Research Gap and Problem Identification 
Despite significant advances in modelling functionally graded materials (FGMs), existing computational 
approaches for acoustic wave problems face several critical limitations that restrict their practical applicability: 

1. Limited Source Term Handling 
Most current methods for variable coefficient Helmholtz equations are restricted to problems with zero 
or simplified source terms, which is unrealistic for practical acoustic applications where complex forcing 
functions are common. 

2. Restrictive Initial Conditions 
Existing approaches typically assume zero or highly simplified initial conditions, failing to address the 
complex initial states encountered in real-world FGM applications. 

3. Computational Inefficiency 
Traditional time-domain methods suffer from cumulative numerical errors and computational instability 
when dealing with spatially and temporally variable coefficients. 

4. Limited Material Gradation Types 
Current methods have not been comprehensively validated across diverse gradation functions 
(exponential, trigonometric, quadratic) that are commonly used in engineering applications. 
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2.2 Specific Problems Addressed in This Study 
This research specifically tackles the following unresolved problems: 

1. Development of a robust numerical method capable of handling arbitrary source terms q(x,t) in variable 
coefficient Helmholtz equations  

2. Extension of existing LT-DBEM approaches to accommodate arbitrary initial conditions P(x,0) = p(x) 
3. Validation of the method across multiple material gradation types with quantitative accuracy assessment  
4. Optimization of computational parameters for different FGM configurations 

2.3 Mathematical Problem Formulation 
The study seeks solutions to the following generalized Helmholtz-type equation [23]: 
 

𝜕𝜕
𝜕𝜕𝑥𝑥𝑖𝑖

�𝜅𝜅𝑖𝑖𝑖𝑖(𝑥𝑥, 𝑡𝑡) 𝜕𝜕𝜕𝜕(𝑥𝑥,𝑡𝑡)
𝜕𝜕𝑥𝑥𝑗𝑗

� + 𝜔𝜔2(𝑥𝑥, 𝑡𝑡)𝑃𝑃(𝑥𝑥, 𝑡𝑡) + 𝑞𝑞(𝑥𝑥, 𝑡𝑡) = 𝛼𝛼(𝑥𝑥, 𝑡𝑡) 𝜕𝜕𝜕𝜕(𝑥𝑥,𝑡𝑡)
𝜕𝜕𝜕𝜕

        𝑥𝑥 = (𝑥𝑥1,𝑥𝑥2), 𝑡𝑡 ≥ 0  (1) 

 
where the key challenge lies in the simultaneous presence of: 

• Variable coefficients κᵢⱼ(x,t), ω²(x,t), α(x,t) representing spatially and temporally varying material 
properties 

• Arbitrary source terms q(x,t) representing complex acoustic forcing 
• Arbitrary initial conditions P(x,0) = p(x) representing realistic initial acoustic states 

 
Inside a medium Ω with a boundary 𝜕𝜕Ω, and constrained by conditions 𝑃𝑃(𝑥𝑥, 0) = 𝑝𝑝(𝑥𝑥) and either 𝑃𝑃(𝑥𝑥, 𝑡𝑡) or 

the flux:  
 

𝐹𝐹(𝑥𝑥, 𝑡𝑡) = 𝜅𝜅𝑖𝑖𝑖𝑖(𝑥𝑥, 𝑡𝑡) 𝜕𝜕𝜕𝜕(𝑥𝑥,𝑡𝑡)
𝜕𝜕𝑥𝑥𝑖𝑖

𝑛𝑛𝑗𝑗                                 (2) 
 
is specified. The variable coefficients κᵢⱼ(x,t), ω²(x,t), and α(x,t) denote the diffusivity, reaction coefficient, and 
change rate, respectively, which vary both spatially and temporally to represent the functionally graded nature of 
the material. The source term q(x,t) represents external acoustic forcing that varies in both space and time, while 
the vector n = (n₁,n₂) represents the outward-pointing normal to ∂Ω. The anisotropic diffusivity tensor [κᵢⱼ] (i,j = 
1,2) is a real symmetrical matrix with positive determinant ensuring physical realizability of the material 
properties (see [22]).  
 
Also, Eq. (1) admits Einstein notation, so that Eq. (1) can be explicitly written as  
 
                        𝜕𝜕

𝜕𝜕𝑥𝑥1
�𝜅𝜅11

𝜕𝜕𝜕𝜕
𝜕𝜕𝑥𝑥1

� + 𝜕𝜕
𝜕𝜕𝑥𝑥1

�𝜅𝜅12
𝜕𝜕𝜕𝜕
𝜕𝜕𝑥𝑥2

� + 𝜕𝜕
𝜕𝜕𝑥𝑥2

�𝜅𝜅12
𝜕𝜕𝜕𝜕
𝜕𝜕𝑥𝑥1

� + 𝜕𝜕
𝜕𝜕𝑥𝑥2

�𝜅𝜅22
𝜕𝜕𝜕𝜕
𝜕𝜕𝑥𝑥2

� + 𝜔𝜔2𝑃𝑃 + 𝑞𝑞 = 𝛼𝛼 𝜕𝜕𝜕𝜕
𝜕𝜕𝜕𝜕

                  (3) 
 

2.4 Research Objectives and Expected Contributions 
The primary objectives of this study are to: 

1. Develop and validate a combined LT-DBEM approach that can handle both arbitrary source terms and 
initial conditions simultaneously. 

2. Demonstrate the method's effectiveness across exponential, trigonometric, and quadratic material 
gradation functions. 

3. Provide quantitative accuracy assessment and computational efficiency analysis.  
4. Establish optimal computational parameters (Ns, Nc) for different FGM configurations.  
5. Extend the applicability of numerical methods for acoustic wave problems in FGMs to more realistic 

engineering scenarios. 
 
This research addresses a significant gap in the current literature by providing the first comprehensive 

treatment of variable coefficient Helmholtz equations with simultaneous arbitrary source terms and initial 
conditions, validated across multiple gradation types with rigorous error analysis. 

3. The Boundary Integral Equation 
The coefficients 𝜅𝜅𝑖𝑖𝑖𝑖 ,𝜔𝜔2,𝛼𝛼 are required to take the form (see [14]) 
                                                                       
 𝜅𝜅𝑖𝑖𝑖𝑖(𝑥𝑥, 𝑡𝑡) = 𝜅𝜅𝑖𝑖𝑖𝑖(𝑡𝑡)𝑔𝑔(𝑥𝑥)                  (4) 
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                                                                       𝜔𝜔2(𝑥𝑥, 𝑡𝑡) = 𝜔𝜔2(𝑡𝑡)𝑔𝑔(𝑥𝑥)                    (5) 

 
                                                                          𝛼𝛼(𝑥𝑥, 𝑡𝑡) = 𝛼𝛼(𝑡𝑡)𝑔𝑔(𝑥𝑥)                    (6) 

 
where the 𝜅𝜅𝑖𝑖𝑖𝑖 ,𝜔𝜔2,𝛼𝛼 are time-dependent parameters and 𝑔𝑔 is a differentiable function of 𝑥𝑥. Use of Eq. (4), Eq. (5) 
and Eq. (6) in Eq. (1) yields 
 

                                                            𝜅𝜅𝑖𝑖𝑖𝑖
𝜕𝜕
𝜕𝜕𝑥𝑥𝑖𝑖

�𝑔𝑔 𝜕𝜕𝜕𝜕
𝜕𝜕𝑥𝑥𝑗𝑗
� + 𝜔𝜔2𝑔𝑔𝑔𝑔 + 𝑞𝑞 = 𝛼𝛼𝑔𝑔 𝜕𝜕𝜕𝜕

𝜕𝜕𝜕𝜕
                    (7) 

 
Adopting the transformation approach established in the literature [16, 24], we de�ine 
 

                                                                        𝑃𝑃(𝑥𝑥, 𝑡𝑡) = 𝑔𝑔−1/2(𝑥𝑥)𝜓𝜓(𝑥𝑥, 𝑡𝑡)                   (8) 
 
Subsequently, incorporating Equations (4) and (8) into Equation (2) and applying the mathematical identity 
 

                                                                                   𝑔𝑔 𝜕𝜕𝑔𝑔−1/2

𝜕𝜕𝑥𝑥𝑖𝑖
= −𝜕𝜕𝑔𝑔

1
2

𝜕𝜕𝑥𝑥𝑖𝑖
                    (9) 

 
Gives ([22]) 
 
                                                         𝐹𝐹(𝑥𝑥, 𝑡𝑡) = −𝐹𝐹𝑔𝑔(𝑥𝑥, 𝑡𝑡)𝜓𝜓(𝑥𝑥, 𝑡𝑡) + 𝑔𝑔1/2(𝑥𝑥)𝐹𝐹𝜓𝜓(𝑥𝑥, 𝑡𝑡)                                (10) 

 
where see ([22]) 
 
                                                𝐹𝐹𝑔𝑔(𝑥𝑥, 𝑡𝑡) = 𝜅𝜅𝑖𝑖𝑖𝑖(𝑡𝑡) 𝜕𝜕𝑔𝑔

1/2(𝑥𝑥)
𝜕𝜕𝑥𝑥𝑗𝑗

𝑛𝑛𝑖𝑖(𝑥𝑥)        𝐹𝐹𝜓𝜓(𝑥𝑥, 𝑡𝑡) = 𝜅𝜅𝑖𝑖𝑖𝑖(𝑡𝑡) 𝜕𝜕𝜓𝜓(𝑥𝑥,𝑡𝑡)
𝜕𝜕𝑥𝑥𝑗𝑗

𝑛𝑛𝑖𝑖(𝑥𝑥)  

 
Following the analysis in [24], Eq. (7) can be written as 
 
                                                     𝑔𝑔1/2𝜅𝜅𝑖𝑖𝑖𝑖

𝜕𝜕2𝜓𝜓
𝜕𝜕𝑥𝑥𝑖𝑖𝜕𝜕𝑥𝑥𝑗𝑗

− 𝜓𝜓𝜅𝜅𝑖𝑖𝑖𝑖
𝜕𝜕2𝑔𝑔1/2

𝜕𝜕𝑥𝑥𝑖𝑖𝜕𝜕𝑥𝑥𝑗𝑗
+ 𝜔𝜔2𝑔𝑔1/2𝜓𝜓 + 𝑞𝑞 = 𝛼𝛼𝑔𝑔1/2 𝜕𝜕𝜓𝜓

𝜕𝜕𝜕𝜕
  

 
It follows (see [22]) that if 𝑔𝑔 is such that 
 

                                                              𝜅𝜅𝑖𝑖𝑖𝑖(𝑡𝑡) 𝜕𝜕
2𝑔𝑔1/2(𝑥𝑥)
𝜕𝜕𝑥𝑥𝑖𝑖𝜕𝜕𝑥𝑥𝑗𝑗

− 𝜆𝜆(𝑡𝑡)𝑔𝑔1/2(𝑥𝑥) = 0                 (11) 

 
where 𝜆𝜆 is a parameter (see [22]), then the variable coef�icients equation (7) becomes (see [22]) 
 

                                                       𝜅𝜅𝑖𝑖𝑖𝑖
𝜕𝜕2𝜓𝜓

𝜕𝜕𝑥𝑥𝑖𝑖𝜕𝜕𝑥𝑥𝑗𝑗
+ �𝜔𝜔2 − 𝜆𝜆�𝜓𝜓 + 𝑞𝑞𝑔𝑔−1/2 = 𝛼𝛼 𝜕𝜕𝜓𝜓

𝜕𝜕𝜕𝜕
                (12) 

 
By multiplying Equation (12) by the weighting function Φ(𝑥𝑥, 𝑡𝑡|𝑥𝑥0, 𝑡𝑡̅) and subsequently performing integration 

across both temporal and spatial domains [22], we obtain 
 
                              ∫𝑡𝑡0 ∫Ω �𝜅𝜅𝑖𝑖𝑖𝑖

𝜕𝜕2𝜓𝜓
𝜕𝜕𝑥𝑥𝑖𝑖𝜕𝜕𝑥𝑥𝑗𝑗

+ �𝜔𝜔2 − 𝜆𝜆�𝜓𝜓 + 𝑞𝑞𝑔𝑔−1/2 − 𝛼𝛼 𝜕𝜕𝜓𝜓
𝜕𝜕𝜕𝜕
�Φ 𝑑𝑑𝑥𝑥0 𝑑𝑑𝑡𝑡̅ = 0                           (13) 

 
Application of the Gauss divergence theorem in two successive steps to evaluate the integral [24] 
∫𝑡𝑡0 ∫Ω 𝜅𝜅𝑖𝑖𝑖𝑖

𝜕𝜕2𝜓𝜓
𝜕𝜕𝑥𝑥𝑖𝑖𝜕𝜕𝑥𝑥𝑗𝑗

Φ 𝑑𝑑𝑥𝑥0 𝑑𝑑𝑡𝑡̅ within Equation (13) leads to 

 

�
𝑡𝑡

0
�
Ω
𝜅𝜅𝑖𝑖𝑖𝑖

𝜕𝜕2𝜓𝜓
𝜕𝜕𝑥𝑥𝑖𝑖𝜕𝜕𝑥𝑥𝑗𝑗

Φ 𝑑𝑑𝑥𝑥0 𝑑𝑑𝑡𝑡̅ = �
𝑡𝑡

0
�
𝜕𝜕Ω
𝐹𝐹𝜓𝜓Φ 𝑑𝑑𝑥𝑥0 𝑑𝑑𝑡𝑡̅ − �

𝑡𝑡

0
�
Ω
𝜅𝜅𝑖𝑖𝑖𝑖

𝜕𝜕𝜓𝜓
𝜕𝜕𝑥𝑥𝑖𝑖

𝜕𝜕Φ
𝜕𝜕𝑥𝑥𝑗𝑗

 𝑑𝑑𝑥𝑥0 𝑑𝑑𝑡𝑡̅ 

 = ∫𝑡𝑡0 ∫𝜕𝜕Ω �𝐹𝐹𝜓𝜓Φ − 𝜓𝜓Γ� 𝑑𝑑𝑥𝑥0 𝑑𝑑𝑡𝑡̅ + ∫𝑡𝑡0 ∫Ω 𝜓𝜓𝜅𝜅𝑖𝑖𝑖𝑖
𝜕𝜕2Φ
𝜕𝜕𝑥𝑥𝑖𝑖𝜕𝜕𝑥𝑥𝑗𝑗

 𝑑𝑑𝑥𝑥0 𝑑𝑑𝑡𝑡̅  
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where Γ = 𝜅𝜅𝑖𝑖𝑖𝑖
𝜕𝜕Φ
𝜕𝜕𝑥𝑥𝑗𝑗

𝑛𝑛𝑖𝑖 . Therefore Eq. (13) becomes 

�
𝑡𝑡

0
�
𝜕𝜕Ω
�𝐹𝐹𝜓𝜓Φ − 𝜓𝜓Γ�𝑑𝑑𝑥𝑥0 𝑑𝑑𝑡𝑡̅ + �

𝑡𝑡

0
�
Ω
�𝜅𝜅𝑖𝑖𝑖𝑖

𝜕𝜕2Φ
𝜕𝜕𝑥𝑥𝑖𝑖𝜕𝜕𝑥𝑥𝑗𝑗

+ �𝜔𝜔2 − 𝜆𝜆�Φ�𝜓𝜓 𝑑𝑑𝑥𝑥0 𝑑𝑑𝑡𝑡 ̅

 +∫𝑡𝑡0 ∫Ω �𝑞𝑞𝑔𝑔
−1/2 − 𝛼𝛼 𝜕𝜕𝜓𝜓

𝜕𝜕𝜕𝜕
�Φ 𝑑𝑑𝑥𝑥0 𝑑𝑑𝑡𝑡̅ = 0 (14) 

 
Substituting Eq. (10) for 𝐹𝐹𝜓𝜓 and Eq. (8) for 𝜓𝜓 in Eq. (14) 
 

�
𝜕𝜕Ω
�
𝑡𝑡

0
��𝐹𝐹𝑔𝑔−1/2 + 𝐹𝐹𝑔𝑔𝑃𝑃�Φ − 𝑃𝑃𝑔𝑔1/2Γ�𝑑𝑑𝑡𝑡̅ 𝑑𝑑𝑥𝑥0 

+∫Ω 𝑔𝑔
1/2 ∫𝑡𝑡0 �𝜅𝜅𝑖𝑖𝑖𝑖

𝜕𝜕2Φ
𝜕𝜕𝑥𝑥𝑖𝑖𝜕𝜕𝑥𝑥𝑗𝑗

𝑃𝑃 + ��𝜔𝜔2 − 𝜆𝜆�𝑃𝑃 − 𝛼𝛼 𝜕𝜕𝜕𝜕
𝜕𝜕𝜕𝜕
�Φ�  𝑑𝑑𝑡𝑡̅ 𝑑𝑑𝑥𝑥0 + ∫Ω ∫

𝑡𝑡
0 𝑞𝑞𝑔𝑔

−1/2Φ 𝑑𝑑𝑡𝑡̅ 𝑑𝑑𝑥𝑥0 = 0        (15)  

 
Applying the LT and its convolution theorem to the time integral in Eq. (15) yields (see[24]) 
 

�
𝜕𝜕Ω
��𝐹𝐹∗𝑔𝑔−1/2 + 𝐹𝐹𝑔𝑔∗𝑃𝑃∗�Φ − 𝑃𝑃∗𝑔𝑔1/2Γ∗�𝑑𝑑𝑥𝑥0 

+∫Ω 𝑔𝑔
1/2 �𝜅𝜅𝑖𝑖𝑖𝑖

∗ 𝜕𝜕2Φ∗

𝜕𝜕𝑥𝑥𝑖𝑖𝜕𝜕𝑥𝑥𝑗𝑗
+ �𝜔𝜔∗2 − 𝜆𝜆∗ − 𝑠𝑠𝛼𝛼∗�Φ∗� 𝑃𝑃∗ 𝑑𝑑𝑥𝑥0 + ∫Ω �𝑞𝑞

∗𝑔𝑔−1/2 + 𝑔𝑔1/2𝛼𝛼∗𝑝𝑝�Φ∗𝑑𝑑𝑥𝑥0 = 0    (16) 

 
where * denotes the LT of a function and 𝑠𝑠 is the variable of LT (see [23]). If we take 
 

                                                        𝜅𝜅𝑖𝑖𝑖𝑖
∗ 𝜕𝜕2Φ∗

𝜕𝜕𝑥𝑥𝑖𝑖𝜕𝜕𝑥𝑥𝑗𝑗
+ �𝜔𝜔∗2 − 𝜆𝜆∗ − 𝑠𝑠𝛼𝛼∗�Φ∗ = 𝛿𝛿(𝑥𝑥, 𝑥𝑥0)    (17) 

 
                                                                              Γ∗(𝑥𝑥, 𝑥𝑥0) = 𝜅𝜅𝑖𝑖𝑖𝑖

∗ 𝜕𝜕Φ∗

𝜕𝜕𝑥𝑥𝑗𝑗
𝑛𝑛𝑖𝑖   

 
where 𝛿𝛿 is the Dirac delta function and Eq. (16) can be written as  
 

𝜂𝜂(𝑥𝑥)𝑔𝑔1/2(𝑥𝑥)𝜇𝜇∗(𝑥𝑥, 𝑠𝑠) = �
𝜕𝜕Ω
��Γ∗(𝑥𝑥, 𝑥𝑥0)𝑔𝑔1/2(𝑥𝑥0) −Φ∗(𝑥𝑥, 𝑥𝑥0)𝐹𝐹𝑔𝑔∗(𝑥𝑥0, 𝑠𝑠)�𝑃𝑃∗(𝑥𝑥0, 𝑠𝑠) 

 −Φ∗(𝑥𝑥, 𝑥𝑥0)𝑔𝑔−1/2(𝑥𝑥0)𝐹𝐹∗(𝑥𝑥0, 𝑠𝑠)�𝑑𝑑𝑥𝑥0 
 −∫Ω �𝛼𝛼

∗𝑔𝑔1/2(𝑥𝑥0)𝑝𝑝(𝑥𝑥0) + 𝑞𝑞∗(𝑥𝑥0, 𝑠𝑠) 𝑔𝑔−1/2(𝑥𝑥0)�Φ∗(𝑥𝑥, 𝑥𝑥0) 𝑑𝑑𝑥𝑥0  (18) 
 
In two-dimensional con�igurations, the fundamental solutions Φ∗ and Γ∗ [22] that satisfy Eq. (17) are given by 
 

                                     Φ∗(𝑥𝑥, 𝑥𝑥0) =

⎩
⎪
⎨

⎪
⎧

𝜎𝜎
2𝜋𝜋

ln𝑅𝑅  𝑖𝑖𝑖𝑖  𝜔𝜔∗2 − 𝜆𝜆∗ − 𝑠𝑠𝛼𝛼∗ = 0 
𝚤𝚤𝜎𝜎
4
𝐻𝐻0

(2)(𝜌𝜌𝑅𝑅)  𝑖𝑖𝑖𝑖  𝜔𝜔∗2 − 𝜆𝜆∗ − 𝑠𝑠𝛼𝛼∗ > 0 
−𝜎𝜎
2𝜋𝜋
𝐾𝐾0(𝜌𝜌𝑅𝑅)  𝑖𝑖𝑖𝑖  𝜔𝜔∗2 − 𝜆𝜆∗ − 𝑠𝑠𝛼𝛼∗ < 0 

  (19) 

                              Γ∗(𝑥𝑥, 𝑥𝑥0) =

⎩
⎪
⎨

⎪
⎧

𝜎𝜎
2𝜋𝜋

1
𝑅𝑅
𝜅𝜅𝑖𝑖𝑖𝑖
∗ 𝜕𝜕𝜕𝜕
𝜕𝜕𝑥𝑥𝑗𝑗

𝑛𝑛𝑖𝑖  𝑖𝑖𝑖𝑖  𝜔𝜔∗2 − 𝜆𝜆∗ − 𝑠𝑠𝛼𝛼∗ = 0 
−𝚤𝚤𝜎𝜎𝜎𝜎
4
𝐻𝐻1

(2)(𝜌𝜌𝑅𝑅)𝜅𝜅𝑖𝑖𝑖𝑖
∗ 𝜕𝜕𝜕𝜕
𝜕𝜕𝑥𝑥𝑗𝑗

𝑛𝑛𝑖𝑖  𝑖𝑖𝑖𝑖  𝜔𝜔∗2 − 𝜆𝜆∗ − 𝑠𝑠𝛼𝛼∗ > 0 
𝜎𝜎𝜎𝜎
2𝜋𝜋
𝐾𝐾1(𝜌𝜌𝑅𝑅)𝜅𝜅𝑖𝑖𝑖𝑖

∗ 𝜕𝜕𝜕𝜕
𝜕𝜕𝑥𝑥𝑗𝑗

𝑛𝑛𝑖𝑖  𝑖𝑖𝑖𝑖  𝜔𝜔∗2 − 𝜆𝜆∗ − 𝑠𝑠𝛼𝛼∗ < 0 

  

 
where (see [14]) 
 
𝜎𝜎 = 𝜏̈𝜏/𝐷𝐷 

𝜌𝜌 = �|𝜔𝜔∗2 − 𝜆𝜆∗ − 𝑠𝑠𝛼𝛼∗|/𝐷𝐷 
𝐷𝐷 = �𝜅𝜅11

∗ + 2𝜅𝜅12
∗ 𝜏̇𝜏 + 𝜅𝜅22

∗ (𝜏̇𝜏2 + 𝜏̈𝜏2)�/2 

𝑅𝑅 = �(𝑥̇𝑥1 − 𝑎̇𝑎)2 + (𝑥̇𝑥2 − 𝑏̇𝑏)2 
𝑥̇𝑥1 = 𝑥𝑥1 + 𝜏̇𝜏𝑥𝑥2 
𝑎̇𝑎 = 𝑎𝑎 + 𝜏̇𝜏𝑏𝑏 
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𝑥̇𝑥2 = 𝜏̈𝜏𝑥𝑥2 
𝑏̇𝑏 = 𝜏̈𝜏𝑏𝑏 

 
where 𝜏̇𝜏 and 𝜏̈𝜏 (see [14]) are the real and positive imaginary parts of the complex root 𝜏𝜏 of the quadratic 
 

𝜅𝜅11
∗ + 2𝜅𝜅12

∗ 𝜏𝜏 + 𝜅𝜅22
∗ 𝜏𝜏2 = 0 

 
and 𝐻𝐻0

(2), 𝐻𝐻1
(2) denote the Hankel functions of the second kind and order zero and order one, respectively. 𝐾𝐾0, 𝐾𝐾1 

denote the modi�ied Bessel functions of order zero and order one, respectively, 𝚤𝚤 represents the square root of 
minus one. The derivatives 𝜕𝜕𝜕𝜕/𝜕𝜕𝑥𝑥𝑗𝑗  needed to calculate the Γ in Eq. (19) are given by (see [14]) 
 

𝜕𝜕𝜕𝜕
𝜕𝜕𝑥𝑥1

=
1
𝑅𝑅

(𝑥̇𝑥1 − 𝑎̇𝑎) 

𝜕𝜕𝜕𝜕
𝜕𝜕𝑥𝑥2

= 𝜏̇𝜏 �
1
𝑅𝑅

(𝑥̇𝑥1 − 𝑎̇𝑎)� + 𝜏̈𝜏 �
1
𝑅𝑅
�𝑥̇𝑥2 − 𝑏̇𝑏�� 

 
Knowing the solutions 𝑃𝑃∗(𝑥𝑥, 𝑠𝑠) and its derivatives 𝜕𝜕𝑃𝑃∗/𝜕𝜕𝑥𝑥1 and 𝜕𝜕𝑃𝑃∗/𝜕𝜕𝑥𝑥2 which are obtained from Eq. (18), 

the numerical LT inversion technique using the Stehfest formula is employed to determine the values of 𝑃𝑃(𝑥𝑥, 𝑡𝑡) 
and its derivatives 𝜕𝜕𝜕𝜕/𝜕𝜕𝑥𝑥1 ([14]). The Stehfest formula is  
 
                                                               𝑃𝑃(𝑥𝑥, 𝑡𝑡) ≃ ln2

𝑡𝑡
∑𝑁𝑁𝑠𝑠
𝑚𝑚=1 𝑉𝑉𝑚𝑚𝑃𝑃∗(𝑥𝑥, 𝑠𝑠𝑚𝑚)   

                                                               𝜕𝜕𝜕𝜕(𝑥𝑥,𝑡𝑡)
𝜕𝜕𝑥𝑥1

≃ ln2
𝑡𝑡
∑𝑁𝑁𝑠𝑠
𝑚𝑚=1 𝑉𝑉𝑚𝑚

𝜕𝜕𝑃𝑃∗(𝑥𝑥,𝑠𝑠𝑚𝑚)
𝜕𝜕𝑥𝑥1

  
 (20) 

                                                                 𝜕𝜕𝜕𝜕(𝑥𝑥,𝑡𝑡)
𝜕𝜕𝑥𝑥2

≃ ln2
𝑡𝑡
∑𝑁𝑁𝑠𝑠
𝑚𝑚=1 𝑉𝑉𝑚𝑚

𝜕𝜕𝑃𝑃∗(𝑥𝑥,𝑠𝑠𝑚𝑚)
𝜕𝜕𝑥𝑥2

  
 
where (see [22]) 
 

                                                                           𝑠𝑠𝑚𝑚 = ln2
𝑡𝑡
𝑚𝑚  

 

                                  𝑉𝑉𝑚𝑚 = (−1)
𝑁𝑁𝑠𝑠
2 +𝑚𝑚 ∑

min�𝑚𝑚,𝑁𝑁𝑠𝑠2 �

𝑘𝑘=�𝑚𝑚+1
2 �

𝑘𝑘𝑁𝑁𝑠𝑠/2(2𝑘𝑘)!

�𝑁𝑁𝑠𝑠2 −𝑘𝑘�!𝑘𝑘!(𝑘𝑘−1)!(𝑚𝑚−𝑘𝑘)!(2𝑘𝑘−𝑚𝑚)!
  

 
Possible multiparameter forms include 
 

                (𝑥𝑥) =

⎩
⎪
⎨

⎪
⎧

 𝑖𝑖𝑖𝑖  𝜆𝜆 = 0 
    (𝑐𝑐0 + 𝑐𝑐1𝑥𝑥1 + 𝑐𝑐2𝑥𝑥2)2
 𝑖𝑖𝑖𝑖  𝜆𝜆 ≠ 0 
    [𝐴𝐴cos(𝑐𝑐0 + 𝑐𝑐1𝑥𝑥1 + 𝑐𝑐2𝑥𝑥2) + 𝐵𝐵sin(𝑐𝑐0 + 𝑐𝑐1𝑥𝑥1 + 𝑐𝑐2𝑥𝑥2)]2, 𝜅𝜅𝑖𝑖𝑖𝑖𝑐𝑐𝑖𝑖𝑐𝑐𝑗𝑗 + 𝜆𝜆 = 0
    [𝐴𝐴exp(𝑐𝑐0 + 𝑐𝑐1𝑥𝑥1 + 𝑐𝑐2𝑥𝑥2)]2, 𝜅𝜅𝑖𝑖𝑖𝑖𝑐𝑐𝑖𝑖𝑐𝑐𝑗𝑗 − 𝜆𝜆 = 0

 (21) 

 
where 𝐴𝐴,𝐵𝐵, 𝑐𝑐𝑖𝑖  are real constants. 

4. Numerical Examples 
Multiple benchmark problems possessing known analytical solutions were selected to assess the precision of the 
numerical methodology. Through the application of the boundary domain integral equation (18) combined with 
the Stehfest inversion formula presented in Equation (20), numerical solutions are computed for these test cases 
with the primary objective of confirming the validity of the analytical framework underlying the derivation of 
integral equation (18). 

To maintain computational simplicity, all test problems are formulated within a unit square domain defined 
by corner points (0,0), (1,0), (1,1), and (0,1). The discretization scheme utilizes 320 uniformly distributed 
boundary elements, with 80 elements allocated along each edge of the square geometry. Constant element 
approximations are employed in conjunction with Bode's quadrature rule for evaluating the boundary integrals 
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appearing in Equation (18). The domain integral in Eq. (18) is computed using a method for area integrals over a 
specified number of 𝑁𝑁𝑐𝑐  of triangular cells. The domain mesh is illustrated in Figure 1. We developed a FORTRAN 
code to compute the solutions, along with a simple script embedded in the main FORTRAN code to calculate the 
values of the Stehfest constants 𝑉𝑉𝑚𝑚,𝑚𝑚 = 1,2, … ,𝑁𝑁𝑠𝑠 as described in Eq. (20) (see [22]). Table 1 presents the values 
of 𝑉𝑉𝑚𝑚 obtained from the scripts for 𝑁𝑁𝑠𝑠 = 8,10,12 (see [21, 24]). 

 

 

Fig. 1 The domain mesh of triangular cells: 8 cells (left), 16 cells (middle), 32 cells (right) 
 

Table 1 Values of 𝑽𝑽𝒎𝒎 (see [21. 24]) 
𝑉𝑉𝑚𝑚 𝑁𝑁𝑠𝑠 = 8 𝑁𝑁𝑠𝑠 = 10 𝑁𝑁𝑠𝑠 = 12 

𝑉𝑉1 −1/3 1/12 −1/60 
𝑉𝑉2 145/3 −385/12 961/60 
𝑉𝑉3 −906 1279 −1247 
𝑉𝑉4 16394/3 −46871/3 82663/3 
𝑉𝑉5 −43130/3 505465/6 −1579685/6 
𝑉𝑉6 18730 −236957.5 1324138.7 
𝑉𝑉7 −35840/3 1127735/3 −58375583/15 
𝑉𝑉8 8960/3 −1020215/3 21159859/3 
𝑉𝑉9  164062.5 −8005336.5 
𝑉𝑉10  −32812.5 5552830.5 
𝑉𝑉11   −2155507.2 
𝑉𝑉12   359251.2 

 
For each problem, numerical solutions 𝑷𝑷 are calculated at 𝟏𝟏𝟏𝟏 × 𝟏𝟏𝟏𝟏 interior points (𝒙𝒙𝟏𝟏,𝒙𝒙𝟐𝟐) = 𝑿𝑿𝟏𝟏 × 𝑿𝑿𝟐𝟐 where 

𝑿𝑿𝟏𝟏 = 𝑿𝑿𝟐𝟐 = {𝟎𝟎.𝟎𝟎𝟎𝟎,𝟎𝟎.𝟏𝟏,𝟎𝟎.𝟏𝟏𝟏𝟏, … ,𝟎𝟎.𝟖𝟖𝟖𝟖.𝟎𝟎.𝟗𝟗,𝟎𝟎.𝟗𝟗𝟗𝟗} 
 
and 10 time-steps 𝒕𝒕 = {𝟎𝟎.𝟏𝟏,𝟎𝟎.𝟐𝟐,𝟎𝟎.𝟑𝟑, … ,𝟎𝟎.𝟖𝟖,𝟎𝟎.𝟗𝟗,𝟏𝟏.𝟎𝟎}. The boundary and initial conditions are shown in Figure 2. 

The absolute relative error 𝒆𝒆 at a point (𝒙𝒙, 𝒕𝒕) (see [24]) and the mean absolute relative errors 𝑬𝑬𝒕𝒕 and  𝑬𝑬 were 
computed using the following formulas 
 
𝒆𝒆 = |(𝑷𝑷𝒏𝒏 − 𝑷𝑷𝒂𝒂)/𝑷𝑷𝒂𝒂|  
𝑬𝑬𝒕𝒕 = 𝟏𝟏

𝟏𝟏𝟏𝟏×𝟏𝟏𝟏𝟏
∑𝟏𝟏𝟏𝟏×𝟏𝟏𝟏𝟏
𝒊𝒊=𝟏𝟏 |(𝑷𝑷𝒊𝒊𝒏𝒏 − 𝑷𝑷𝒊𝒊𝒂𝒂)/𝑷𝑷𝒊𝒊𝒂𝒂|  

𝑬𝑬 = 𝟏𝟏
𝟏𝟏𝟏𝟏×𝟏𝟏𝟏𝟏×𝟏𝟏𝟏𝟏

∑𝟏𝟏𝟏𝟏×𝟏𝟏𝟏𝟏×𝟏𝟏𝟏𝟏
𝒊𝒊=𝟏𝟏 |(𝑷𝑷𝒊𝒊𝒏𝒏 − 𝑷𝑷𝒊𝒊𝒂𝒂)/𝑷𝑷𝒊𝒊𝒂𝒂|  

 
where 𝑷𝑷𝒏𝒏 and 𝑷𝑷𝒂𝒂 are numerical and analytical solutions, respectively. Furthermore, we de�ined the relative CPU 
time 𝜽𝜽 as the product of the CPU time and error 𝑬𝑬 (see [22]) for every value of 𝑵𝑵𝒔𝒔 and 𝑵𝑵𝒄𝒄. 
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Fig. 2 Known values on the boundary and in the domain 
 
 
Problem 1: Exponentially graded materials 
 
First, we consider a system with coef�icients and parameters as follows (see [24]) 
𝑔𝑔(𝑥𝑥) = [exp(0.5 + 0.1𝑥𝑥1 − 0.1𝑥𝑥2)]2  
𝜅𝜅𝑖𝑖𝑖𝑖(𝑡𝑡) = �1 0.05

0.05 0.85� exp(−𝑡𝑡)  

𝜔𝜔2(𝑡𝑡) = sin√𝑡𝑡  
𝛼𝛼(𝑡𝑡) = −0.0175(−20𝑥𝑥1 + 13𝑥𝑥2)𝑡𝑡exp(−𝑡𝑡) − 1.75exp(−𝑡𝑡) + 𝑡𝑡sin√𝑡𝑡 + 100sin√𝑡𝑡 + 𝑡𝑡 + 100 
𝑝𝑝(𝑥𝑥) = 100(−20𝑥𝑥1 + 13𝑥𝑥2)exp(−0.5 − 0.1𝑥𝑥1 + 0.1𝑥𝑥2)  
𝑞𝑞(𝑥𝑥, 𝑡𝑡) = (𝑡𝑡 + 100)(−20𝑥𝑥1 + 13𝑥𝑥2)exp(0.5 + 0.1𝑥𝑥1 − 0.1𝑥𝑥2)  
𝜆𝜆(𝑡𝑡) = 0.0175exp(−𝑡𝑡)  
 
The function  𝑔𝑔(𝑥𝑥) is shown in Figure 2. The analytical solution is 
𝑃𝑃(𝑥𝑥, 𝑡𝑡) = (𝑡𝑡+100)(−20𝑥𝑥1+13𝑥𝑥2)

exp(0.5+0.1𝑥𝑥1−0.1𝑥𝑥2)   
 

The computational findings are documented in Table 2 and Figures 4-7. Optimal accuracy with minimal 
computational cost was achieved using parameter combinations 𝑁𝑁𝑠𝑠 = 8,𝑁𝑁𝑐𝑐 = 32 for error E minimization and 
𝑁𝑁𝑠𝑠 = 8,𝑁𝑁𝑐𝑐 = 16 for computational efficiency. Conversely, suboptimal performance characterized by maximum 
error E and computational overhead occurred with configurations 𝑁𝑁𝑠𝑠 = 10,𝑁𝑁𝑐𝑐 = 64 and 𝑁𝑁𝑠𝑠 = 12,𝑁𝑁𝑐𝑐 = 64 (refer 
to Table 2 and Figure 4). The temporal error analysis 𝐸𝐸𝑡𝑡  displayed in Figure 5 confirms these findings, 
demonstrating that throughout the time interval t ∈ [0.1, 1.0], superior and inferior accuracy correspond to 
parameter sets 𝑁𝑁𝑠𝑠 = 8,𝑁𝑁𝑐𝑐 = 32 and 𝑁𝑁𝑠𝑠 = 10,𝑁𝑁𝑐𝑐 = 64, respectively. Spatial error distribution at the intermediate 
time t = 0.6 (Figure 6) reveals consistently lower point-wise errors e across the computational domain when 
employing 𝑁𝑁𝑠𝑠 = 8,𝑁𝑁𝑐𝑐 = 32 than when 𝑁𝑁𝑠𝑠 = 10,𝑁𝑁𝑐𝑐 = 64. The temporal evolution of errors at the central location 
(0.5, 0.5) shown in Figure 7 further validates the superior performance of the 𝑁𝑁𝑠𝑠 = 8,𝑁𝑁𝑐𝑐 = 32  configuration over 
the 𝑁𝑁𝑠𝑠 = 10,𝑁𝑁𝑐𝑐 = 64 alternative. 

Table 2 Values of 𝑬𝑬and 𝜽𝜽 for Problem 1 

𝑁𝑁𝑠𝑠 
𝑁𝑁𝑐𝑐   

16 32 64  

8 
 0.003537   0.003411   0.030946  𝐸𝐸 
 1.07961   1.17824   10.6372  𝜃𝜃 (s) 

10 
 0.00354   0.003411   0.030954  𝐸𝐸 
 1.32037   1.44401   13.4482  𝜃𝜃 (s) 

12 
 0.003826   0.003607   0.030882  𝐸𝐸 
 1.75362   1.67106   15.907  𝜃𝜃 (s) 
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Fig. 3 The function 𝒈𝒈(𝒙𝒙) for Problem 1 

  
Fig. 4 Values of 𝑬𝑬 and 𝜽𝜽 for Problem 1 

 

 
Fig. 5 Values of 𝑬𝑬𝒕𝒕 for Problem 1 
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Fig. 6 Values of 𝑷𝑷 and 𝒆𝒆 at 𝒕𝒕 = 𝟎𝟎.𝟔𝟔 for Problem 1 

  

  

Fig. 7 Values of 𝑷𝑷 and 𝒆𝒆 at (𝒙𝒙𝟏𝟏,𝒙𝒙𝟐𝟐) = (𝟎𝟎.𝟓𝟓,𝟎𝟎.𝟓𝟓) for Problem 1 

 

Problem 2: Trigonometrically graded materials 

Next, we consider a system with coef�icients and parameters as follows 
𝑔𝑔(𝑥𝑥) = [cos(0.5 + 0.1𝑥𝑥1 − 0.1𝑥𝑥2) + sin(0.5 + 0.1𝑥𝑥1 − 0.1𝑥𝑥2)]2  
𝜅𝜅𝑖𝑖𝑖𝑖(𝑡𝑡) = �1 0.05

0.05 0.85� exp(−𝑡𝑡)  

𝜔𝜔2(𝑡𝑡) = sin√𝑡𝑡  
𝛼𝛼(𝑡𝑡) = 𝑡𝑡sin√𝑡𝑡 + 0.064𝑡𝑡exp(−𝑡𝑡) + 10sin√𝑡𝑡 + 0.64exp(−𝑡𝑡) + 𝑡𝑡 + 10  
𝑝𝑝(𝑥𝑥) = 10exp(−0.2𝑥𝑥1+0.1𝑥𝑥2)

cos(0.5+0.1𝑥𝑥1−0.1𝑥𝑥2)+sin(0.5+0.1𝑥𝑥1−0.1𝑥𝑥2)  
(𝑥𝑥, 𝑡𝑡) = (𝑡𝑡 + 10)exp(−0.2𝑥𝑥1 + 0.1𝑥𝑥2)[cos(0.5 + 0.1𝑥𝑥1 − 0.1𝑥𝑥2) + sin(0.5 + 0.1𝑥𝑥1 − 0.1𝑥𝑥2)]  
𝜆𝜆(𝑡𝑡) = −0.0175exp(−𝑡𝑡)  
The function 𝑔𝑔(𝑥𝑥) is shown in Figure 7. The analytical solution is ([24]) 
𝑃𝑃(𝑥𝑥, 𝑡𝑡) = (𝑡𝑡+10)exp(−0.2𝑥𝑥1+0.1𝑥𝑥2)

cos(0.5+0.1𝑥𝑥1−0.1𝑥𝑥2)+sin(0.5+0.1𝑥𝑥1−0.1𝑥𝑥2)  
 

Analysis of Table 3 and Figure 9 reveals that the optimal balance between accuracy and computational 
efficiency is achieved with the parameter set 𝑁𝑁𝑠𝑠 = 8,𝑁𝑁𝑐𝑐 = 16, yielding both minimum error E and reduced relative 
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CPU time. In contrast, degraded performance manifested through elevated error E and extended computational 
duration was observed for configurations 𝑁𝑁𝑠𝑠 = 8,𝑁𝑁𝑐𝑐 = 64 and 𝑁𝑁𝑠𝑠 = 12,𝑁𝑁𝑐𝑐 = 64. These computational trends are 
corroborated by the temporal error behavior 𝐸𝐸𝑡𝑡 presented in Figure 10, which demonstrates that across the time 
domain t ∈ [0.1, 1.0], the most favorable and unfavorable accuracy levels correspond to 𝑁𝑁𝑠𝑠 = 8,𝑁𝑁𝑐𝑐 = 16 and 𝑁𝑁𝑠𝑠 =
8,𝑁𝑁𝑐𝑐 = 64, respectively. Examination of spatial error distribution at t = 0.6 (Figure 11) shows consistently reduced 
point-wise errors e throughout the computational domain when utilizing 𝑁𝑁𝑠𝑠 = 8,𝑁𝑁𝑐𝑐 = 16 than when 𝑁𝑁𝑠𝑠 = 8,𝑁𝑁𝑐𝑐 =
64. The temporal error evolution at the domain center (0.5, 0.5) depicted in Figure 12 reinforces the advantage of 
the 𝑁𝑁𝑠𝑠 = 8,𝑁𝑁𝑐𝑐 = 16 configuration over its 𝑁𝑁𝑠𝑠 = 8,𝑁𝑁𝑐𝑐 = 64 counterpart. 
 

 
Fig. 8 The function 𝑔𝑔(𝑥𝑥) for Problem 2 

 

Table 3 Values of 𝐸𝐸 and 𝜃𝜃 for Problem 2 

𝑁𝑁𝑠𝑠 
𝑁𝑁𝑐𝑐   

16 32 64  

8 
 0.004279   0.004312   0.009618  𝐸𝐸 
 1.71331   1.93548   4.44952  𝜃𝜃 (s) 

10 
 0.004288   0.004319   0.009617  𝐸𝐸 
 2.02805   2.44383   5.53562  𝜃𝜃 (s) 

12 
 0.004336   0.004302   0.009607  𝐸𝐸 
 2.46694   2.50226   6.52999  𝜃𝜃 (s) 

 
Fig. 9 Values of 𝐸𝐸 and 𝜃𝜃 for Problem 2 



Int. Journal of Integrated Engineering Vol. 18 No. 4 (2026) p. 139-156 150 

 

 

 

 
Fig. 10 Values of 𝐸𝐸𝑡𝑡 for Problem 2 

 

 

 
Fig. 11 Values of 𝑃𝑃 and 𝑒𝑒 at 𝑡𝑡 = 0.6 for Problem 2 
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Fig. 12 Values of 𝑃𝑃 and 𝑒𝑒 at (𝑥𝑥1, 𝑥𝑥2) = (0.5,0.5) for Problem 2 

 

Problem 3: Quadratically spatial gradation material 

We now consider a system with coef�icients and parameters, as follows ([24]) 
𝑔𝑔(𝑥𝑥) = (0.5 + 0.1𝑥𝑥1 − 0.1𝑥𝑥2)2  
𝜅𝜅𝑖𝑖𝑖𝑖(𝑡𝑡) = �1 0.05

0.05 0.85� exp(−𝑡𝑡)  

𝜔𝜔2(𝑡𝑡) = sin√𝑡𝑡  
𝛼𝛼(𝑡𝑡) = −0.0005𝑡𝑡�93exp(−𝑡𝑡) − 2000sin√𝑡𝑡 − 2000�   
𝑝𝑝(𝑥𝑥) = 0  
𝑞𝑞(𝑥𝑥, 𝑡𝑡) = 10𝑡𝑡[cos(−0.2𝑥𝑥1 + 0.1𝑥𝑥2) + sin(−0.2𝑥𝑥1 + 0.1𝑥𝑥2)](0.5 + 0.1𝑥𝑥1 − 0.1𝑥𝑥2)  
𝜆𝜆(𝑡𝑡) = 0  
The function 𝑔𝑔(𝑥𝑥) is shown in Figure 12. The analytical solution is  
 

 𝑃𝑃(𝑥𝑥, 𝑡𝑡) = 10𝑡𝑡[cos(−0.2𝑥𝑥1+0.1𝑥𝑥2)+sin(−0.2𝑥𝑥1+0.1𝑥𝑥2)]
0.5+0.1𝑥𝑥1−0.1𝑥𝑥2

 
 

The performance analysis summarized in Table 4 and Figure 14 demonstrates that maximum accuracy is 
attained with 𝑁𝑁𝑠𝑠 = 10,𝑁𝑁𝑐𝑐 = 32, while optimal computational efficiency occurs using 𝑁𝑁𝑠𝑠 = 8,𝑁𝑁𝑐𝑐 = 32. Conversely, 
the poorest accuracy and highest computational cost are associated with parameter combinations 𝑁𝑁𝑠𝑠 = 8,𝑁𝑁𝑐𝑐 =
64 and 𝑁𝑁𝑠𝑠 = 12,𝑁𝑁𝑐𝑐 = 64, respectively. The temporal error characteristics 𝐸𝐸𝑡𝑡 illustrated in Figure 15 support these 
observations, indicating that throughout the simulation period t ∈ [0.1, 1.0], the best and worst accuracy levels 
are achieved with 𝑁𝑁𝑠𝑠 = 10,𝑁𝑁𝑐𝑐 = 32 and 𝑁𝑁𝑠𝑠 = 8,𝑁𝑁𝑐𝑐 = 64, respectively. Spatial error analysis at the representative 
time t = 0.6 (Figure 16) confirms that point-wise errors e across the computational domain remain consistently 
lower when employing 𝑁𝑁𝑠𝑠 = 10,𝑁𝑁𝑐𝑐 = 32 compared to 𝑁𝑁𝑠𝑠 = 8,𝑁𝑁𝑐𝑐 = 64. The temporal error progression at the 
central point (0.5, 0.5) shown in Figure 17 further substantiates the superior accuracy of the 𝑁𝑁𝑠𝑠 = 10,𝑁𝑁𝑐𝑐 = 32 
configuration relative to the 𝑁𝑁𝑠𝑠 = 8,𝑁𝑁𝑐𝑐 = 64, alternative. 
 

 

Fig. 13 The function 𝑔𝑔(𝑥𝑥) for Problem 3 



Int. Journal of Integrated Engineering Vol. 18 No. 4 (2026) p. 139-156 152 

 

 

Table 4 Values of 𝐸𝐸 and 𝜃𝜃 for Problem 3 

𝑁𝑁𝑠𝑠 
𝑁𝑁𝑐𝑐   

16 32 64  

8 
 0.003161   0.001144   0.020442  𝐸𝐸 
 0.799072   0.302452   5.97728  𝜃𝜃 (s) 

10 
 0.003167   0.001138   0.02031  𝐸𝐸 
 0.997669   0.406334   7.52272  𝜃𝜃 (s) 

12 
 0.003169   0.001142   0.02023  𝐸𝐸 
 1.18761   0.393181   8.96894  𝜃𝜃 (s) 

 

 
Fig. 14 Values of 𝐸𝐸 and 𝜃𝜃 for Problem 3 

 

 

 
 

Fig. 15 Values of 𝐸𝐸𝑡𝑡 for Problem 3 
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Fig. 16 Values of 𝑃𝑃 and 𝑒𝑒 at 𝑡𝑡 = 0.6 for Problem 3 

 

 

 
 

Fig. 17 Values of P and e at (x_1,x_2 )=(0.5,0.5) for Problem 3 
 

5. Conclusions 
The combination of the DBEM with the LT has been utilized to compute numerical solutions for initial boundary 
value problems governed by the variable coefficient Helmholtz-type equation outlined in Eq. (1). Domain integrals 
were evaluated using quadrature over triangular cells, whereas the Stehfest formula was employed for the 
numerical inversion of LT. The LT-DBEM approach is both accurate and straightforward to implement, achieving 
mean absolute relative errors as low as E = 0.001138 for quadratic gradation materials, E = 0.003411 for 
exponential gradation materials, and E = 0.004279 for trigonometric gradation materials. The computational 
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analysis shows relative CPU times ranging from θ = 0.302452s to θ = 1.93548s depending on the material 
gradation type and discretization parameters. 

Unlike methods involving fundamental solutions dependent on the time variable t, which may introduce 
round-off errors owing to integration over t, the LT-DBEM computes solutions for Eq. (18) independently for each 
specific value of t for which a solution is required. Methods using time variable fundamental solutions may yield 
less accurate results owing to potential time singular points in the fundamental solution and the propagation of 
round-off errors from one time step to the next. The current approach demonstrates consistent accuracy 
maintained across the time interval t ∈ [0.1, 1.0] for all material types studied. 

The LT-DBEM has been successfully applied to a broader range of FGMs, including materials with quadratic, 
exponential, and trigonometric gradations taking the forms in Eq. (21). The study extends the method's capability 
to handle arbitrary source terms and initial conditions, making it applicable to more realistic acoustic wave 
problems in functionally graded materials with superior accuracy compared to existing approaches. 
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