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1. Introduction 

Many factors contribute to the crack growth rate, including the flaw's size [1], shape, orientation [2] and location. 

The factors of crack growth rate occur in a scatter presented in actual data. The scatter results produce variations in the 

crack growth parameters such as material properties and crack size. The material properties mainly influence the fatigue 

parameters; hence, SIF and fatigue behaviour variations will be generated automatically. The randomness in some of the 

parameters reveals the complexity of the analysis of the surface cracks. The calculation of SIF for surface cracks 

significantly influenced the lifetime of the material structures. 

Abstract: Fatigue cracks commonly occur for in-service engineering structures. The main parameter for fatigue 

crack is the stress intensity factor (SIF). The SIF is an indicator of the fatigue crack growth and remaining life of a 

structure. Nonetheless, a problem was raised when determining the remaining life since the SIF could not be 

presented in physical phenomena. Thus, a technique is required to predict the range of SIF. Maximum and minimum 

bounds of SIF help estimate the range of remaining life. This paper aims to predict a structure's safe and failure 

region during the fracture process based on the SIFs. The primary tool is S-version Finite Element Model (S-FEM). 

Yet, S-FEM unable to compute random variables in analysis. Thus, the Bootstrap is developed and embedded into 

S-FEM for computing random variables in the analysis. The random variables are utilised to predict a range of SIFs. 

The SIFs are generated based on one hundred samples. The samples are randomly generated based on the distribution 

of material properties. A lognormal distribution is used to generate the material properties. The sampling process is 

computed based on the bootstrap method. The embedded Bootstrap in S-FEM was introduced as BootsrapS-FEM. 

When the samples exceed the fracture toughness of 29 MPa.√m, the failure region is indicated at the angle 2ϕ/π = 

0.627 to 1 with 6% of failure samples. The safe region is observed at angle 2ϕ/π = 0 to 0.626 with 94% of the samples. 

The failure region is essential in this analysis to prevent unstable crack growth. 
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The three-dimensional fatigue crack propagation analysis of surface cracks is gaining more attention from 

researchers. The SIF of three-dimensional fatigue crack propagation must be computed along the whole crack front. The 

SIF was too dependent on crack depth and crack aspect ratio [3]. Nonetheless, the crack depth and crack aspect ratio were 

exposed to the uncertainty in size [4]. Thus, SIF was unable to calculate precisely. Many researchers have introduced 

calculating SIF numerically [5], but it was limited to specific geometry only. For complex geometry, finite element 

method is the option. Since the SIF was calculated by computation for complex geometry, physical validation by 

experiment was unable to embark [6]. Thus, a range of SIF calculations is needed for better estimation of SIF which is 

exposed to the uncertainty in crack depth and crack aspect ratio[6]. 

Therefore, an analysis method is required which considers the uncertainties in the structural components of the 

application environment. One such method is the probabilistic analysis. In the probabilistic approach, the uncertainty can 

be considered with the upper and lower bounds. The bounds is computed from the sampling process [7]. The uncertain 

parameters are involved in the analysis, for instance loads, material properties and crack geometrical aspects.  

The uncertainties considered in this analysis further ensure the safety of structures. Thus, the analysis of fatigue 

crack growth by probabilistic approach is adequate for predicting the detection period. The prediction is essential to 

ensure defects in the material components will not produce failure during the in-service schedule and the lifetime of the 

material composition can be estimated prior to the scheduled detection [8]. 

The probabilistic analysis estimates the output value of variables. It is dependent on the input data's uncertainty. 

Unlike deterministic analysis, deterministic analysis only produces a single output. In addition, the deterministic analysis 

produces output predefined by the input data set. The deterministic approach begins with single parameters, while the 

probabilistic approach begins with random parameters. Few probabilistic approaches are available such as Monte Carlo 

[9], Bootstrap [10] and many more. Thus, Bootstrap S-FEM was computed in this study. 

Many applications implemented the Bootstrap method for fatigue assessment such as turbine blades [11], overload 

effects [12], pipelines [10], superalloy [13], fatigue lifetime [14] and many more. Bootstrap methods showed an excellent 

alternative for generating an abnormal distribution [15], reducing the time taken for the sampling process [12] and 

requiring fewer assumptions during the simulation process [16]. Thus, Bootstrap was embedded in S-FEM to integrate 

the uncertainties in the simulation process. 

The FEM software was utilised to compute the SIFs. The three-dimensional of crack growth model is simulated 

using the Bootstrap and S-FEM. The advantage of S-FEM is to solve the re-meshing problem due to the complexity of a 

model. Thus, S-FEM is one of the solutions to simplify this problem. The SIF is simulated in a semi-elliptical surface 

crack shape using the S-FEM. Since determining SIF in fracture mechanics analysis is crucial, it is questionable for 

complex geometry. The numerical calculation is limited to the specific geometry only. FEM calculation was the solution 

but the SIF could not compare with the physical experiment. In addition, uncertainty in parameters ruined the accuracy 

of the SIF value.  

Thus, this paper aims to calculate the SIF with a sampling technique such as Bootstrap method. The distribution of 

the sampling process for SIF is presented to determine the range of SIF value, safe region and failure region.  

 

2. Methodology 

The SIF was calculated based on the energy release rate on the crack opening. The energy release rate was converted 

to the SIF with certain parameters involved. This technique is called virtual crack closure-integral method, VCCM. Figure 

1 presents the crack opening displacement, vi. There are five critical nodes in each crack front's element. The nodes are 

represented as P1 until P5 in the VCCM. As well as, at the opening displacement, vi, there are five critical nodes from v1 

until v5. The nodes are located at the edge of the crack front. 
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Fig. 1 - VCCM at the crack front 
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The opening displacement, vi is determined based on the displacement from the lower, viL and upper viU surface 

crack. 

v v v
i iU iL
                                (1) 

Since there are global, G and local, L mesh, thus there are displacements for local and global for lower and upper 

surface crack. The displacement in global mesh for the lower surface crack is indicated as vG
iL. Meanwhile, the upper 

surface crack in the local mesh is indicated as vL
iL. The total displacement is summation of upper 𝑣𝑖𝑈 and lower 𝑣𝑖𝐿  

surface cracks: 

G L
v v v
iU iU iU

G L
v v v
iL iL iL

  

  

                              (2) 

In Bootstrap S-FEM, the crack growth only occurs in the local mesh; thus, the opening displacement in the 

global mesh remains zero. The updating mesh in the local region only is the main advantage of BootstrapS-FEM. It 

will reduce the computation time. Thus, the opening displacement, vi, at the local mesh is expressed as 

    L LG L G L
v v v v v v v

iU iU iL iLi iU iL
                                   (3) 

Once the opening displacement was calculated, the energy release rate could be determined. The calculation for 

energy release rate, G for the non-symmetrical at the crack front could be referred to by Okada et al. [17]-[19]. Based 

on Okada et al. technique, the energy spent, ∆GI could be calculated based on the area at the crack front. The area 

of the crack front is indicated as S1. Therefore, the energy spent is expressed as 

   
1

33 32

1

G r v r dS
I

S

   
                                (4) 

The ∆ length of the element and r is the width of the element. Figure 2 displays the top view of the element at 

the crack front. The σ33 is the cohesive stress. It is located at the plane of the crack front. The cohesive stress could 

be determined as 
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where E and r represent the modulus elasticity and Poison’s ratio. Thus, substituting the stress and displacement into 

Eq. (3) gives 
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Thus, Eq. (7) could be converted into the element areas of 
1S  and 

2S . The element area is shown in Figure 2. 
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Fig. 2 - Top view of the crack front’s element 

 

The remaining energy release rate, G for different failure modes is computed based on 
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The   is a shear modulus. There are three type of modes in fracture mechanics. For mode I, the energy release rate, 

G, is presented as GI. The remaining modes II and III is presented as GII and GIII, respectively. Thus, the energy release 

rate could convert into SIF as shown in Eq. (8), (9) and (10). This method was computed on a tension model. Figure 3 

shows a tension model with a surface crack in the middle of the geometry. Fatigue load is applied at the top and bottom 

of the geometry.  

The local stress and the crack depth relate to characterising the SIF. Experiments from the LEFM concept also 

produce fracture toughness. Fracture toughness can oppose the material from fracture. If the value for SIF is greater than 

fracture toughness, then catastrophic failure will happen. Furthermore, the fracture process consists of three basic crack 

propagation modes based on the type of loadings. The three primary modes are; mode I (for tensile mode), mode II (for 

in-plane shear), and mode III (for anti-plane shear). All the modes could be combined to produce a mixed mode. For 

brittle materials, it had been examined to possess mode II and a mixed mode (mode I and mode II). The most important 

thing to note is that the mode for fatigue fracture not only describes the fatigue crack growth rate and analysis of crack 

paths. The SIF exists for other types of loading, but the most common mode I. 
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Fig. 3 - Tension model for surface crack growth under tension load 

 

The proposed BootstrapS-FEM approach was conducted to simulate the SIFs in lognormal distributions. The 

constant amplitude loading was considered with 490 MPa. The load was less than the yield strength of the Aluminium 

Alloy 7075-T6, where it was considere d as cracking in the fatigue region. The load used was also enough for elastic 

deformation based on the LEFM concept. Figure 4 shows the SIFs for a tension model along the crack front subjected to 

fatigue load. The crack aspect ratio was modelled with a mean 0.04 and standard deviation 0.01, then generated for one 

hundred samples using BootstrapS-FEM. The material properties for Aluminium Alloy 7075-T6 are shown in Table 1. 

Table 1 - Material properties of Aluminium Alloy 7075-T6 

Variables Values 

Fracture toughness, 𝐾𝐼𝐶  29 𝑀𝑃𝑎. √𝑚 

Young’s modulus, 𝐸 71.7 𝐺𝑃𝐴 

Tensile strength, Yield 503 𝑀𝑃𝑎 

Poisson’s ratio, 𝜈 0.33 

Fatigue power parameter, 𝑛 2.88 

Paris coefficient, 𝐶 2.29 × 10−10 

The threshold value, 𝐾𝑡ℎ 5.66 𝑀𝑃𝑎. √𝑚 

 

 

3. Result and Discussion 

Figure 4 shows the generation of one hundred samples of SIFs under tension load. These random samples are 

generated using the BootstrapS-FEM. It shows all possibilities of SIFs value for the tension model from maximum to 

minimum value of SIF. If one angle was selected, the distribution of the SIF value could be computed such as in Figure 

5. The angle is critical to show the higher propagation of the crack.  

Figure 5 shows the comparison of SIF calculation by Newman-Raju and S-FEM. The Newman-Raju is calculated 

based on analytical solution. The S-FEM results show a good agreement with Newman-Raju. The deterministic S-FEM 

not reaching the fracture toughness of 29 MPa.√m for Aluminium Alloy 7075-T6. During the fracture process, the safe 

structure was predicted below the critical SIF in the elastic region. Thus, the unstable crack growth did not occur based 

on the deterministic S-FEM approach because it only produced a single prediction of SIF. If one only relies on 

deterministic S-FEM, the fracture could occur because there is a possibility that the SIF might reach beyond critical SIF. 

Therefore, BootstrapS-FEM was utilised to predict the SIF value that possibly tends to achieve fracture toughness. The 

mean BootstrapS-FEM was presented with upper and lower bounds, as shown in Figure 5. The bounds were calculated 

using a 95% confidence level.  

The upper bound exceeds the fracture toughness, thus indicating a significant probability for unstable crack growth. 

The failure region shown in the shaded area of Region A exceeds the fracture toughness from one part of the one hundred 
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samples at angle 2ϕ/π=0.627 to 1, as depicted in Figure 5. Thus, a catastrophic failure of the material and the structural 

component could occur. Thus, the BootstrapS-FEM should be considered in the analysis since it is able to detect the 

possibility of unstable crack growth happening compared to deterministic S-FEM. Deterministic S-FEM produces passive 

results since a single graph was produced instead of a range of results on every crack angle. 

 

 

Fig. 4 - Samples of SIFs along the crack front 

 

 
Fig. 5 - The bounds of SIFs for tension model 

 

Figure 6 shows the histogram for the SIF at 2ϕ/π = 1 for the tension model. The minimum and maximum stresses 

are 23.43 and 30.91 MPa.√m, respectively. The mean value is 27.35 MPa.√m. The minimum and maximum deviations 

from the mean are 3.92 and 3.56 MPa.√m, respectively. However, the minimum and maximum deviation ranges were 

only approximately 7.48 MPa.√m, it does not produce a significant uncertainty for generating one hundred samples. Even 

though it shows a small range of uncertainty, it is crucial when analysed with fracture toughness. In this case, the critical 

SIF was 29 MPa∙√m. Thus, 94% of the samples were in the safe region, below the critical SIF. Catastrophic failure would 

not occur in the safe region. Figure 6 also shows the failure region with 6% of failure samples. The failure region means 

the occurrence of unstable crack growth. The unstable crack growth happens in material structures without warning. This 

prognosis cannot be generated by the deterministic method. The deterministic S-FEM approach predicts that the model 

is in a safe region at any angle. This result illustrates the cruciality of the probabilistic analysis in the framework of fatigue 

problems.  
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Fig. 6 - Histogram of SIFs for safe and failure region in tension model 
 

4. Conclusion 

The probabilistic analysis helps prevent the material structure from failing. The prediction of BootstrapS-FEM and 

deterministic S-FEM is almost similar, but the BootstrapS-FEM could produce the lower and upper bounds of SIF. The 

bounds are crucial during decision-making since they produce a range of SIF values. The range of SIF will help in 

prioritising the maintenance proceeding. The probability of failure was 0.06 or 6%, which surpassed the fracture 

toughness. From the 100 generation samples of SIFs, the prediction of safe samples was 0.94 or 94%, which were further 

examined in safe mode to prevent unstable crack propagation. Thus, applying a bootstrap analysis in design is advisable 

in practical cases. 
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