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Abstract: The equation of airfoil and its complex potential function can be produced from the Joukowsky
transformation. The airfoil will call Joukowsky airfoil because it comes from the transformation. Using Wolfram
Mathematica as a software simulator, this transformation produce airfoil with any variant graph and position, also
mean camber line and position of trailing edge of airfoil. The complex potential function can also produce equation
and graph of equipotential & streamlines.
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1. Introduction

Airfoil, in aerodynamic terms, is a structure with curved surfaces designed to give the most favorable ratio of lift to
drag in flight used as the basic form or the wings, fins, and horizontal stabilizer of most aircraft (Fig. 1) [1]. An airfoil-
shaped body moving through a fluid produces an aerodynamic force [2]. The component of this force perpendicular to
the direction of motion is called lift [3].
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Fig. 1 - Airfoil nomenclature from Anderson [1]
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Joukowsky transformation, in pure and applied mathematics, is a conformal map historically used to understand
some principle of airfoil design [1]. There are basic form and other differentiation of this transformation [4], for this
paper the transformation is

b2
wiz)=z+—, (1.1)
z

where b as constant with b € Rand b > 0.

The last researches find that the airfoil will come from a circle as a domain [5] and another find that this
transformation is as three function composition [6]. Munoz, et al. [7] have shown the element between pure complex
analysis and fluid dynamics and present the application in theory of laminar and turbulent flows.

With assumption from [8] with complex analysis in pure mathematics, this paper will explain about airfoil equation
and fluid flow around of airfoil with equipotential lines and streamlines line from harmonic function, consist of velocity
potential function ¢ and stream function 1 are equals to constant. The complex potential function of fluid flow is in form

f=¢+iy.

2. Equation of Airfoil

The following theorem shows the equation of airfoil from Joukowsky transformation with the variation called
“Joukowsky airfoil” from the perspective of pure mathematics.

Theorem 1

Assume w = f(z) is Joukowsky transformation. If S c C is a circle with center (x,, y,), radiusr # 0, and b = —x, +
Jr2 —y2 > 0, with x,y. # 0, then f(S) is Joukowsky airfoil asymmetric at u-axis on w-plane.

Proof
If S < Cisacircle, then the equation is

z = (x.+iy,) +re®. (2.1)
Substitute the value of z from (2.1) and b to (1.1) to the form w = u + iv, then

+ (—xc +/r? — ycz)z(r cos 6 + x.)

(rcosB + x.)% + (rsinf + y,)>?

w(z) = rcosb + x,

, 22)
il ramg 4y - e )
IfR = \/(r cos 6 +x.)? + (rsin6 + y.)? at (2.2), then
— 2
u=|(1+ (—xc * RZZ — ycz) (rcos6 + x.) (2.3)
and
—\2
v=|1+ (cxc+ erz ~ %) (rsin@ + y,). (2.4)

The graph of (2.3) and (2.4) is an airfoil on w-plane. The asymmetrical airfoil corresponding to u-axis is given by
v(=0) # —v(0). ]

The asymmetrical airfoil can be also produced with b = x, + /7% — y2, which is a reflection from airfoil with

b = —x. + /7% — y2 coressponding to v-axis on w-plane. Secondly, airfoil with —y, is a relection from airfoil with y,
coressponding to u-axis on w-plane.
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Theorem 2

Assume w = f(z) is Joukowsky transformation. If S c C is a circle with center (x., 0), radiusr # 0,and b =r — x, >
0, with x, # 0, then £(S) is Joukowsky airfoil symmetric at u-axis on w-plane.

Proof
If S < Cisacircle, then the equation of the circle is

z=(x,+i-0)+7re?¥ =x,+re. (2.5)

Then substitute the value of z from (2.5) and b to (1.1) to the form w = u + iv, then

)= (reost 45 oo )+ (0~ G ea s G @
If R = /(rcos® + x.)2 + (rsin 0)Z at (2.6), then
o= (14 o n @)
and
o= (14 ano) e

The graph of (2.7) & (2.8) is an airfoil on w-plane. The symmetrical airfoil corresponding to u-axis is given by v(—0) =
—v(0). m

There are points in domain of the circle S c C at Theorem 1 and Theorem 2, will be mapped by Joukowsky
transformation to a singular point, because of the value of b > 0. It called cups of airfoil graph, in aerodynamic terms
called trailing edge. The location is at (+2b, 0) on w-plane from (+b, 0) on z-plane.

For symmetrical airfoil from Theorem 2, chord line and mean camber line is coincident at u-axis on w-plane. For
asymmetrical airfoil from Theorem 1, mean camber line can be approximated with added a same circle but with x, = 0
on z-plane. Another cases from Theorem 1,for0 <a < 1,0 < h<1landh # 0,withb = 1, x, = h, y. = a, then take

r =./(1—x.)? + y2 for approximated mean camber line on the w-plane.

3. Simulation of Fluid Flow Around of Airfoil

To approximate the fluid flow around of airfoil, it will need flow variation theory from [2] and step by step
Joukowsky transformation. For a complex potential function of fluid flow on {-plane (st-plane) with constant speed V,, €
R, angle &« = 0, and direction to positive s-axis,

Fi({) = V<. (3.1)

The outside of the circle S c C with center at (0,0) and radius a on w-plane (uv-plane) is transformed by Joukowsky
transformation with injective properties where the part with v > 0 to t > 0 and the part with v < 0to ¢t < 0. The
codomain is all area on the w-plane. Using flow variation theorem, the complex potential function on w-plane around a
circle with center (0,0) and radius a is

F,(w) =V, (W + %2> (3.2)
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If translation of Joukowsky transformation with vector z. = x. + iy, at domain on w-plane (uv-plane) is

b2
— _ 3.3
z (W+ZC)+(W+ZC)' (3.3)
the inverse of (3.3) is
z A
-z 2 _p2_ 3.4
w=3 + (2) b? — z,. (3.4)

The value of w —» z when z — oo, then the positive root will be chosen. Based on Theorem 1, the asymmetric airfoil on
z-plane (xy-plane) is transformed to be a circle with radius a and b = x. + /a? — yZ on w-plane. Then substitute the
value of w from (3.4) to (3.2) and using flow variation theorem on z-plane, is

z e ] a?
F;(2) =V, §+ (E) —b% -z, —iy. + - . (3.5)
z z ,
2+4(5) —pr -z

The value of Re(Fs(z)) = c = ¢ and Im(F;(2)) = k =, where c and k is constant, is equipotential lines and
streamlines lines, respectively. The velocity of fluid V(x, y) arround asymmetrical airfoil is

z 4-b%+ (%_)2 | (3.6)

For symmetric airfoil, use the value y, =0, b =r + y. and r = a.
Using Wolfram Mathematica as a software simulator for value of withV, =1,x, = —-0.1,y. =02anda=r =
1.5 given an airfoil and its equipotential & streamline (Fig. 2).

@) (b)
Fig. 2 - Joukowsky airfoil with (a) equipotential lines and (b) streamlines lines

4. Conclusion

With w = f(z) is Joukowsky transformation, the circle S ¢ C as a domain of the Joukowsky transformation
produced Joukowsky airfoil f(S) where is asymmetrical (with x.,y, # 0) or symmetrical (with x, #0, y. =0)
corresponding to u-axis on w-plane. For simulation of the fluid flow around of airfoil, with tools from flow variation
theory and Joukowsky transformation given the complex potential function with the velocity of fluid V(x, y), equation
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of equipotential lines ¢ = Re(F;(2)), and streamlines lines 1 = Im(F5(z)). For next research will need deep attention
for trailing edge, variation of «, and the force of lift.
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