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conditions. The ADE is introduced and subsequently solved using the
Laplace transformation approach. A change of spatial variables is first
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introduced to reduce the governing equation to one with constant
Advection diffusion equation, coefficients. The Laplace transform is then applied, and the inverse
exponential decay, spatially transformation is evaluated using the Gaver-Stehfest algorithm. The
dependent, laplace transform, results demonstrate that the temporal evolution of the solution is
analytic solution strongly governed by diffusion coefficient, inhomogeneity and the

velocity indicating their critical roles in characterizing the transport
dynamics. Higher diffusion coefficients produce broader concentration
distributions. Similarly for higher flow velocity with particularly away
from the source, the difference between the velocities becomes clearer.
Meanwhile, medium inhomogeneity affects the spatial distribution of
concentration as the pollutant moves further from the source, whereas
higher flow velocity extends the transport distance and allows the
contaminant to persist over a larger region.

1. Introduction

Diffusion is a fundamental process in which particles move from regions of higher concentration to areas of lower
concentration, driven by concentration gradients. This process is central in fields such as environmental science,
biology, and physics, as it governs the movement of solutes and contaminants through air, water, or soil [1].
Meanwhile advection refers to the transport of a substance by bulk motions of a fluid. Together, these processes
are described by the advection-diffusion equation (ADE) a parabolic partial differential equation derived from the
principle of conservation of mass using Fick’s first law. According to Andallah and Khatun [2], the advection-
diffusion equation is widely used to describe physical transport processes involving both diffusion and advection
mechanisms, with applications in groundwater contamination, river pollution, and chemical transport modelling.
In certain cases, the ADE is formulated with a reaction and source term.

In the context of the ADE, the type of coefficients plays a crucial role in determining the complexity and
applicability of the model. For instance, studies by [3] and [4] used variable coefficients to account for spatial and
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temporal variations in the diffusion and advection coefficients. Previous studies have shown that ADE with
variable coefficients helps model solute movement more realistically in finite and semi-infinite domains
[5,6,7,8,9]. More recent works have further addressed spatially dependent transport coefficients and source
effects to improve predictions in complex networks [10,11].

Research has also explored ADE with reaction terms to represent decay or biochemical processes. For
example, Wadi et al. [12] modelled river pollution using a linear reaction term, while Samalerk and Pochai [13]
applied a stable numerical approach with decay effects. Other works incorporated spatially dependent coefficients
and first-order reactions to better simulate real environmental conditions [14,15]. More recent studies have
continued to investigate advection diffusion reaction systems to improve the modelling of reactive contaminant
transport under realistic environmental conditions. For instance, Owolabi and Alagoz [16] emphasized the
importance of coupling diffusion, advection, and reaction mechanisms to better describe contaminant transport
behaviour in porous media. Similarly, Coltman et al. [17] highlighted that spatial heterogeneity significantly affects
dispersion behaviour and solute migration over larger spatial scales.

Boundary conditions are essential for defining how solutions to the ADE behave at the boundaries of a domain.
Among the most commonly applied types are the Dirichlet condition, which specifies fixed values at the boundary,
and the Neumann condition, which sets the derivative or flux at the boundary. Celis et al. [18] discussed these two
common types specifically Dirichlet and Neumann boundary conditions. Dirichlet boundary conditions specify the
value of the solution function directly at the boundary. On the other hand, Neumann boundary condition states
that the derivative of the solution function such that a given value is imposed on the boundary of the domain. In
physical applications, Dirichlet conditions are often used to model fixed concentration, whereas Neumann
conditions are used to represent prescribed flux or concentration gradient across the boundary. These boundary
conditions are widely applied in transport and diffusion models for solving partial differential equations.
Exponentially decaying source represents a process in which the intensity or concentration of a source decreases
continuously over time at an exponential rate. This is useful for physical situations where the solute concentration
decreases naturally over time, such as pollutant removal, radioactive decay, or chemical reactions at the boundary
layer.

Analytical solutions to the ADE are particularly valuable for understanding transport mechanisms and
developing accurate predictive models. The analytical methods used for solving the ADE, such as Laplace or
Fourier transforms, allow for handling time-dependent and spatially dependent parameters more precisely.
Analytical solutions often serve as benchmarks for numerical solutions, providing exact solutions where
computational methods might struggle with stability. The Laplace transform, in particular, has been effective in
deriving solutions for ADEs with time-variable coefficients and exponential decay terms at the boundary [19].
Kumar [5] and Saleh et al. [20] provided analytical solutions using the Laplace transformation, while Ahsan [21]
combined analytical and numerical approaches for river systems.

Previous studies provide a strong foundation for further investigation of ADE models involving variable
coefficients and reaction processes. However, analytical solutions of one-dimensional ADE with spatially
dependent coefficients, reaction and source term under exponentially decaying source injection remain
unavailable, despite their relevance in modelling physical processes such as diminishing pollutant release,
radioactive decay, and chemical degradation. These developments form the foundation for extending ADE analysis
with exponential decay boundary conditions, as explored in this research. This present research addresses a gap
in the current literature by focusing on a one-dimensional ADE with a spatially dependent coefficient, a source
term, and an exponentially decaying boundary condition. The findings of this study may assist environmental
engineers and relevant authorities in better understanding contaminant transport behavior, particularly in
predicting pollutant dispersion. By providing a clearer picture of how contaminants spread over time and space,
the model can support more accurate risk assessment and more informed decision-making in environmental
monitoring, groundwater protection, and pollution control strategies.

2. Mathematical Formulation

The mathematical formulation is based on several simplifying assumptions where the transport process is treated
as one-dimensional, and the medium is assumed to be continuous and homogeneous. Diffusion is described by
Fick’s law, while advection is represented as a constant flow. In addition, the reaction term is assumed to follow
first-order Kinetics, and the source term is prescribed. ADE with reaction and source term is written as,

oc _ o oc . W
ot “oxz ox TV

where C is the concentration, D is the solute dispersion coefficient, V is the mean particle velocity, u is a
reaction and y is the source term. A spatially dependent velocity is considered such that [8]
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V(x, t) = up(1l+ax), (2)

where u, is the initial velocity and a is the inhomogeneity. Solute dispersion is assumed proportional to the
square of the velocity so it is considered as

D(x,t) = Dy(1 + ax)?, 3)
where D, is initial diffusion. Initially, there is C, concentration in the medium. Therefore
C(x,0)=C,. (4)

At the boundary x = 0,
C(0,t) = Cie™™t, (5)

where (; is the initial concentration at the boundary and m is the decay rate constant. Meanwhile, at the other
end (x = L) itis assumed
ac
—(,t) =0, 6
— (L, ©)

where L is the length of the domain.

Although the problem may appear simpler than other more complex cases that have been solved, the
combination of equations (1) — (6) in obtaining an analytical solution of the ADE has not been reported
previously, and thus represents a novel contribution.

3. Analytical Solution
To start, substitute (2) and (3) in (1) and the equation (1) will become

a' 0 a 2 0 a 0 a 0 :u (

Introducing new variable X

1
Y=taran ®
This substitution yields
X _ 1
ax (1 +ax)?’
ac 1 ac
e 2 ©)
dx (14 ax)?0Xx
and
20%c _ 1 o0%c 10
ax2 (1 +ax)*ox?’ (10)
By substituting (9) and (10) into (7) will end up with
ac_D 1 a%C 2D ( 1 6C)+ ( 1 OC) C—uC+ an
at (14 ax)?0x? o (1+ ax)oX to (1+ax)oX UGl —HL TV,
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and then substitute (8) into (11) to give

—2a?XD a—C+aXu oc —upalC — uC + (12)
03x 05X 0 u V-

Eq. (12) is further transformed into partial differential equation with constant coeeficient through this
transformation

=logaX =log(1 + ax). (13)
This leads to
9 _ p2p o°¢ — +2a%D C—uC + (14)
ot G PG T A oy T Gl gy T thak mHE Y

For the initial and boundary conditions Eq. (4) - (6), it will become

C(Z,0)=C, , for0<Z<ZyZ,=log(1+al), (15)
C(0,t) = Cie™™t, (16)

C
ﬁ(zo, ) =0. (17)

Eq. (14) can be written as

oc_po%c_ oc a8
ot “ozz Yaz & TV

where D = a?D,, u = auy, — 2a’Dy and @ = au, + L.
To solve Eq. (18), assume the solution in the form

c(Z,t) =F(Z, t)eXp[ZLZ)_(ZD-I_ > ]+£ . (19)

Differentiating with respect to t and z, and substituting into Eq. (18) reduces Eq. (18) to the diffusion
equation

oF D 0%F 20)
ot az%’
Following the assumption in Eq. (19), the initial and boundary condition. Eq. (15), (16), (17) become,

_ y uz
F(Z,0) = [CO _E] exp _ﬁ]’ (21)
F(0,t) = [C e ™Mt — Z] ex u_Z +a (22)

’ ! P [\ap
dF(Z,,t) u

a—Z+F(ZO't)5_O- (23)

By applying Laplace Transform into Eq. (20) along with initial condition Eq. (16) produces
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F =—[£—CO] exp [—E . (24)

This is a second order nonhomogeneous equation, which by using the method of undetermined coefficient,

results in
] 5 5 4p (¢, - %)
F(Z,s)=Cyexp|—_ |=Z |+ Csexp| [=Z | — . (25)
D D ( A

u? — 4sD) exp (g_D)

It can be shown that the boundary conditions Eq. (22) and (23) in Laplace are

4C,D Y 4D

F(o,t) = -= , 26
©.0 4sD + 4mD — u? — 4aD a (4sD —u? — 4aD) (26)
and
oF . u
=7 Z0,0) + F(Z0,0) 55 = 0. @)
By substituting Eq. (26) and (27) in Eq. (25), and after some necessary working, it is obtained that
C,=—Cy+ e Y i 42 (6-&) (28)
27 " T 4sD+4mD —u? —4aD  a(4sD —u? —4aD)  (u?—4sD) ’
and
)4
s _u 4C,D Y 4D _+4D(C0_E)
D 2D )\ 4sD +4mD —u? —4aD «a(4sD —u? — 4aD) (u? —4sD)
Cs = (29)
s u s, u s
(ERRiEED
Finally,
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F(Z,s) = 46D
’ 4sD + 4mD — u? — 4aD (30)

Y
u 4C,D y 4D LD (c-%)
2D J\ 4sD +4mD —u? — 4aD o« (4sD —u? —4aD) (u? — 4sD) 4D (Co _ Z)

+
2 _4sD
D EREE)
14 4D S
% (4sD —u? — 4aD)| P (_\/%Z)

( &- 1) 4¢,D v ap _ 4(G-g))
D

I /-~
o

2D )\ 4sD + 4mD —u? —4aD a (4sD —u? —4aD) ' (u? — 4sD)

R

4D (CO - %)

(u? — 4sD) exp (%) .

+

The Gaver-Stehfest algorithm is utilized to obtain the inverse Laplace transform of Eq. (30), as the analytical
inversion is expected to be highly complicated. This numerical inversion technique, along with the
implementation of Eq. (30), is carried out using MATLAB software. The results are validated by ensuring that the
obtained solution satisfies the governing equation and the imposed initial and boundary conditions. The Laplace
transform method provides an exact analytical form in the transform domain, and the inverse solution is evaluated
using the Gaver-Stehfest algorithm, which gives stable numerical results.

4. Result and Discussion

The results of the behavior of the solute concentration distribution in the domain at various parameter are
illustrated graphically by using MATLAB. The fixed value of the reaction term, u = 0.0006, source term, y =
0.0011, C, = 1,C; = 10 and m = 0.5 are used for all the concentrations.

Fig.1 presents the concentration profiles at different times, with fixed diffusion coefficient, D, = 0.13 m?/day
and velocity, u, = 0.05 m/day [22]. The inhomogeneity is also fixed ata = 0.01m™1. At early times t = 0.5 day
and t = 1 day, the concentration is highest atx = 0 and drops until x = 1, while after x > 1 the curve flattens.
This indicates that during the initial stages, the pollutant remains more localized near the origin but begins to
disperse rapidly with increasing distance. However, at later times t = 2 days and t = 5 days, at first there is a
small increase in concentration before it begins to drop. For t = 2 days, the curve flattens around x = 2, while
for t = 5 days, this flattening occurs around x = 4. This behavior is consistent with advection-diffusion theory
under time-dependent transport processes, in which diffusion gradually reduces the concentration gradient and
spreads the pollutant over a wider spatial region as time increases [23]. Compared to models with constant source
or steady state assumptions, the present model provides a more realistic description by incorporating time
dependent exponential decay at the source. Physically, this means that pollutants released into a medium initially
remain localized near the source, but with increasing time they migrate further into the domain, resulting in a
wider but less concentrated distribution. These results show that the proposed model is able to capture the
expected temporal evolution of contaminant transport under exponentially decaying source conditions.
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Fig. 1 Concentration distribution based on parameters for various time, t

The results shown in Fig. 2 illustrate the concentration profiles for a fixed velocity u, = 0.05 m/day at
times t = 1 and t = 2 days, under a varying diffusion coefficient D,. The parameter D, represents the rate at
which the pollutant spreads due to molecular diffusion. At t = 1 day, all curves peak at x = 0, indicating the
highest concentration at the source. Then, the concentration drops and flattens around x > 2. Meanwhile for the
graph at t = 2 days, all curves show a slight increase near the origin before dropping and flattening around x > 3.
This reduction at the origin is physically justified by decline in source, when comparing the two, the peak is higher
att = 1 than at the later time ¢ = 2. The lower concentration near the source at later time is attributed to the
exponentially decaying boundary condition, where the source concentration decreases over time. In addition,
higher values of D, produce broader concentration profiles, indicating faster pollutant spreading and dilution.
This behavior is physically consistent with diffusion theory, where larger diffusion coefficients enhance solute
dispersion over a wider spatial domain. From a physical perspective, a higher diffusion coefficient indicates
greater molecular mixing, allowing the pollutant to spread more rapidly and reducing of high localized
concentration buildup near the source.
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Fig. 2 Concentration distribution based on parameter obtained att = 1 and 2 day for various diffusion, D,

The graphs in Fig. 3 compare concentration profiles for the same diffusion coefficient D, and velocity u, but
different medium inhomogeneity a. For both times, the peak concentration occurs at the source x = 0 with a
noticeable decrease at t = 2 days, consistent with the exponential decay behavior at the boundary. The
comparison also reveals that variations among different inhomogeneity parameters are not clearly
distinguishable near the source. However, at larger distances, distinct differences become evident. This indicates
that the influence of medium inhomogeneity becomes more pronounced further from the source, reflecting the
systems sensitivity to spatial variations in transport properties. Physically, this suggests that variations in the
medium properties, such as porosity or permeability, have a limited influence close to the source but increasingly
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affect pollutant migration as the solute travels through the domain. This behavior is consistent with recent studies
by Cekmer et al. [24] on solute transport in heterogeneous porous media, where the influence of spatial variations
in medium properties becomes more significant at larger distances from the source due to enhanced dispersive
effects. These results highlight the importance of accounting for spatial variations in the medium, as they can
significantly affect the final pollutant distribution even when the behaviors near the source are similar. Compared
to standard models that assume a homogeneous medium, the present model provides a more realistic description
of contaminant transport in spatially varying environments.

- = 2 = =
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Fig. 3 Concentration distribution based on parameter obtained at t = 1 and 2 day for various inhomogeneity, a

Lastly, similar behaviour is observed in Fig. 4 where the diffusion coefficient D, and inhomogeneity, a are kept
fixed at two times while the velocity u, varies. At the boundary x = 0, all curves start with the same concentration
and then drop sharply. Further away from the source, the difference between the velocities becomes clearer. This
effectis more obvious at t = 2 days, where the higher velocity flow produces a longer concentration tail compared
to the lower velocity. This indicates that velocity plays an important role in controlling how far the contaminant
can travel and remain in the system. Physically, higher flow velocity allows the pollutant to move more rapidly
and persist over a larger spatial region before being reduced by diffusion and reaction effects. These results show
that velocity strongly influences both the shape of the concentration profile and the transport distance of
contaminants, particularly over longer time periods. Compared to lower velocity conditions, higher velocity
transport may increase the extent of pollutant migration, making flow velocity an important factor in contaminant
transport analysis.
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Fig. 4 Concentration distribution based on parameter obtained at t = 1 and 2 day for various velocity, u,
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5. Conclusion

This research derived analytical solutions for the one-dimensional ADE with spatially dependent, diffusion and
velocity coefficients, including a reaction and source term, under exponential decay boundary conditions.
Simulation results, carried out using MATLAB, highlight the influence of key physical parameters including
diffusion, the inhomogeneity and flow velocity. Recognizing the critical influence of this parameter proves the
importance of selecting accurate parameter values to predict real pollutant dispersion. Such precise predictions
are vital for designing effective mitigation strategies to control and manage pollution in river systems.
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