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Abstract

The study of free convection about a sphere in a porous medium, when the
temperature of the sphere is oscillating harmonically is considered for Rayleigh
number, Ra=100. By using the matched asymptotic expansion, the flow field
is divided into an inner region and an outer region, where the inner region is
adjacent to the sphere and the outer region is far from the sphere. In the inner
region, the separation technique is used to divide the second-order temperature
and stream function into steady and unsteady parts. The analytical solution is
obtained up to second-order steady term. For outer region, the numerical result
up to first order is obtained by using a finite difference scheme. It is found that, a
steady flow is induced at the outer edge of the inner region. The temperature and
flow patterns are discussed and compared for some frequencies of oscillation,
o and dimensionless parameter . It is found that both the magnitudes of
temperature and stream functions decreases as  increases or decreases but
the effect of ¢ is not significant in the outer region. In the inner region, the
magnitude of steady flow is also determined by frequency.
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1. INTRODUCTION

In this paper, the study of free convection about a sphere with oscillating
temperature in a porous medium is considered. The problem of free convection
in porous medium has received much attention from researchers due to its
wide applications in the industries such as geothermal systems, groundwater
pollutant control, buildings insulation system, nuclear waste design and grain
storage. The porous medium such as beach sand, limestone and artificial foam
are mainly utilized in diminishing the convection heat transfer that occur
around a heated body. It is important to consider the problem with oscillating
temperature. However, there is limited literature for the free convection around
a sphere in a porous medium where the temperature of the sphere is oscillating
harmonically over a mean temperature. The similar problem but in cylindrical
case was studied by [1]. A double boundary layer was introduced, and it was
found that a steady flow was induced at outside of the inner layer due to the
oscillatory temperature.

[2] was the first to consider the free convection about a heated sphere in
a porous medium, where the temperature was set to be constant. The analytical
solution was found by using a straightforward expansion in terms of a small
parameter. Later [5] obtained the solution for spherical problem in porous
medium but the temperature is fluctuating over a mean value. The asymptotic
expansion was assumed to be steady in the first-order and unsteady in the
higher orders and written in terms of an oscillation parameter. [6] investigated
the unsteady problem that is suddenly heated and maintains a constant heat
flux over the surface. The dimensionless Rayleigh number was assumed small
in order to obtain the asymptotic solutions. [7] also considered the unsteady
free convection problem in the porous medium for finite value of Rayleigh
number, where the case of constant temperature and constant heat flux are
solved numerically, while [10] studied the unsteady problem when the surface
temperature changes with position. The matched asymptotic expansion was
written in terms of small Rayleigh numbers and both steady state solution and
transient state solution were presented.

[8] considered the oscillatory free convection in a porous medium for
cylindrical case. The result showed that at high frequency, a steady flow persists
outside the inner boundary layer. [11] then extended the study of oscillatory free
convection about a horizontal cylinder as by [1,4] by proposing a separation
method that separates the steady and unsteady term at the second-order solution.
A steady flow was induced near the outer edge of the inner region, and this
agree with the previous study in [1]. Due to the steady term that dominates
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at far from the body with oscillating temperature, this separation technique
is direct to the desire result by taking the steady term. Thus motivated by the
separation method by [11], the present study is to investigate the oscillatory
free convection in a porous medium around a spherical body.

2. MATHEMATICAL FORMULATION

Consider a sphere with radius R, immersed in a porous medium with a
surrounding temperature, . The temperature 7" , of the surface, 7", is oscillates
harmonically over a mean surrounding temperature such that 7" =7" (1+bsinar),
where a is the frequency of oscillation, t is time, b is the non-dimensional
amplitude in temperature oscillations, and the product 7 b is the amplitude
of the oscillation. In this study, a spherical polar coordinate system (R,6,¢p) is
chosen, where R is the radial coordinate, 6 is the clockwise angle measured
from the vertically upward axis parallel to the gravity acceleration g, and ¢ is
the azimuthal angle parallel to the ground. Therefore the problem is reduced
into two-dimensional system (R,). The physical system is shown in Fig. 1.

The fluid motion is described by radial and transversal velocity
components (U, V) . The velocity component could be expressed in terms of a
stream function W(R,0) as,

vl R ol R
Risin® 26 Rsinf &R

U (1)

The fluid is assumed to be incompressible and the density of fluid is linear
function of temperature. The physical properties are assumed constant and
the Boussinesq approximation holds for density variation that is significant
only in generating buoyancy force. The porous medium is assumed to be
homogeneous, non-deformable, isotropic and the flow is governed by Darcy’s
law. Additionally, it is assumed that no effect of other heat source such as
internal heating and fluid friction.

125



Journal of Science and Technology

Figure 1. The physical system of the sphere at origin O

The non-dimensional governing equation in terms of the dimensionless
temperature 7 and stream function y can be written as

- I." 2T Y ~1 ot -
i,i‘ : 'l 3 C‘f{=c05€£+r5in8£= (2)
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In which the dimensionless variables are defined as
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where U is the charateristic velocity scale, o is the heat capacity ratio, g is
gravitational acceleration, /5 is the coefficient of thermal expansion, K is the
permeability of porous medium, v is the kinematic viscosity of fluid, and a. is
thermal diffusivity of the porous medium. Ra is the Rayleigh number, € and
y are the dimensionless parameters respectively and @ is the dimensionless
frequency.
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The boundary conditions necessary for the problem are written as :

w=0T=sin(wf) at r=1, (5)
u—20,v—=2>0T—>0 as F—m, (6)
B o T e Hi %)
a8 a8

3. RESULTS

In order to find the approximate solutions to the temperature and stream
function, the method of matched asymptotic expansion is appropriate for this
problem. The flow domain is divided into two domains i.e. an inner region and
an outer region. The problem in the inner region is solved with an analytical
approach while the problem in the outer region is solved numerically with
Gauss-Seidel iterative method.

3.1 Solution in the inner region

Following the separation technique on the second-order terms as proposed by
[11], the asymptotic expansion in the inner region for T® and y are assumed
to be of the form,

TV = T.0(t,,0)+&[T,7(1,0)+T,7(t,1,0)]+6*T," (t,7,6) +h.o.t (8)

vO=ep, (n.0)+e [y, (0.0)+y (0. 0)] ey, (Ln,0)Fh.o.t ©)

where the superscripts s and u denote the steady and unsteady parts in second-
order terms, respectively. Since the flow near the sphere surface experience
larger gradient, the radial coordinate is stretched as

L=
£

(10)
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Thus substituting equations (8) and (9) into the governing equations, and
equating the terms in increasing order of &, yields the required equation for
first-order and second-order equations as

[i3] 1{i)
aT®  @T®

=y—=. (11)
ot on
OV _ 20900 (12)
an an
e Ty oy Bl 13)
én’ c(&.m)
~l (s (D)5
LY (14)
c cn

subject to the boundary conditions (5) — (7). From equations (11) and (12) for
first-order and equations (13) and (14) for second-order steady term with a
superscript s, it could be seen that the first-order terms are time-dependent and
the second are left with function of (6,1) Then the first order solutions for the
above equations are presented as below,

LV=e ' snj@t— |—n : (15)
| 2y

i

wi? —Jism Scosﬁ}r{e % [51111\/7 |+cnle7 |}—1}>
\{75111 & sin r:n‘*{g E [sm} 2{??}_“}5{\{7}?'}'_1} (16)

For the second-order steady terms, the solutions for 77 and y are :

[" - & 2 (@ ) (& )
P Y2y ) W2y ')

R J{Tﬂg}}ﬂﬁ: (17)
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i
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a7l - (Ra ). . (o)
i Lot —{1 EJ;[CDSI mr}l+51nl —Qr;u}

16 Iu ¥ ) Iu ¥ )
J_ }?l——>+c sifl E"I} + 377, (18)
2y

wherec,, ¢, and c, are constant that could not satisfy the boundary conditions.
It will be dlscussed in the next section.

3.2 Solution in the outer region

In the outer region, the asymptotic expansions for 7% and y/” are assumed to
be of the form

I = T2 (1.6) + Ne[L(7.6) + €13 (7.6) + hot. (19)
= Jey? (7.0) + ep?(7.6) + e e (7. 8) + hot. (20)
where the stretched radial coordinate in this region is defined as
r—1

1‘7=E- 21)

Similar to the work in the inner region, by substituting expansions (19) and
(20) into the governing equations, and equating the terms in increasing order
of \e yields the required equations for 7 o and v, as,

o {8) o) o A3 aaeie) 23]
dun” arg” ey al T
Vo - wi ®_— ¥sin g —. (22)
a6 on an &f ik
R or*'
¥ _gne (23)
an- an
subject to the matching boundary conditions in the inner edge,
P sin’Bcosd | ¥ oy . cosf =
gl S sl a1 AR i S : as 7—0, (24)
8w 2w @
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and for outer edge, the boundary conditions on 7, and y” are
a w{ﬂ}

— —0. T -0, as oo, (25)
en

The symmetrical boundary conditions are similar as equation (7).Equations
(16) and (17) are now readily solved numerically using a finite difference
scheme. The central difference is used to discritize the equations for all interior
points. For the Neumann boundary conditions in equations (25) and (7), two-
point forward and backward difference are used to formulate the additional
equations. The solution is obtained by using Gauss-Seidel iteration method.
First, the energy equation (22) which is responsible for generating temperature,
is solved at k-th level subject to the boundary conditions. Then, the value for
Tl.f is brought into equation (23) for the stream flow. Subsequently the most
updated value for l//l.f is used to generate the k+1-th level terms for temperature,
and so on. The convergence criterion for the iterations is chosen as follows:

0,/ -9,/ <& (26)

where & is 7 or y@, and & is the maximum error allowed. In this study,
the convergence criterion is set to be &=1077. The effect of grid resolution is
examined in order to determine the appropriate independent mesh size. The
value of y at r = 4.0, 0= /5 is examined as shown in Table 1. The grid
independent test is repeated until the changes in test value diminish. Taking
into account the number of iteration that needed and the difference of yw@
across the grid resolution, the size of [ 77 gria X 9gri ,]1=401x81 is appropriate for
generating plots.

Table 1. Comparison of w@ atr=4.0,0=m/5 foro=2,e=10"and=10".

Ra (i) Grid resolution and (ii) w at =4.0
100) ()] 51x11 101x21 201x41 401x81%* 801x161
(11)[0.039383 | 0.044103 [ 0.044944 0.044760 0.044055

* This grid resolution is used in this study.
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4. DISCUSSION
4.1 Flow in the inner region

From the above results, it is clear that 7, and y“ are time-dependent. Both
T,” and " are able to satisfy the boundary conditions in the inner region. But
for the second-order solutions in equations (17) and (18), T, cannot satisfy
the boundary condition at the outer edge of the inner region even by setting
¢,=0 Instead, the solution yields

lim T (1.6) = 259
#H—xm

(27)

This value is regarded as the required boundary condition at the inner edge of
the outer solution. The result is similar to that of [1, 4, 11] about an infinite
horizontal cylinder. Then for y 7, if we set ¢,=c,=0 , then we have

oo ADE
lim 24 (.6) =0, (28)
v== gy
in which the boundary condition for outer edge can be fulfilled and this is
similar to the result by [11]. Also, the value of the steady stream function y*
must be regarded as the inner boundary conditions for the outer region.

The flow is then compared for the case of Rayleigh number, Ra=100 .
The results are shown correspond to two parameters i.e. € , range from 107! to
107, and o, range from 2 to 10. The angular position concerned in the inner
region is 6=n/4 and the dimensionless time variable is set to #=1. The results
for first-order terms, second-order steady terms and overall inner region flow
are discussed throughout.

Fig. 2(a) shows the changes of first-order temperature 7,” due to
variation in &. 7,/ decreases to surrounding temperature faster as ¢ decreases.
For each decreasing power of € from 10! to 107, the distance from the sphere
to the position that 77 approaches surrounding temperature decreases to0.1
about the original distance. While for it is noticed that it increases and
achieve a constant value after certain distance and this is determined by &,
where at smaller ¢ the stream function becomes steady nearer to the wall.
However, the magnitude of y” increases 3.162 about the previous value for
each decrease of €, as shown in Fig. 2(b).

Fig. 3(a) and Fig. 3(b) compare the effect of frequency  on 7, and
w,”. Both the magnitudes of 7, and y* decreases as w increases. The distance
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at which the flow becomes steady also decreases. Since the surface temperature
is oscillating, the magnitudes of 7, and y,” always change in the direction.
The changes in flow is greater for the variation of ® when o is small compare
to larger value of ®.

[\' =107
08 1
08
05
£=10"! o8
0.4 g=107?
= —3
£=10 04 g=107?
0.2]
g 021 g=10"
OV o A0s N as—""115 12 125 T3 of T P Ao 5 e it
& r
(@) (b)

Figure 2. (a) 7,”and (b) y,” with t=1, =2 , along 6=n/4 for various &.

w=72
03] w=2
w=4 019
o6 w=10
0.087
047
0.06]
021
0041
0 ¢1.0?Q—Wf'7.15 12 125 13
02 r 0,029 w=10
= 0 105 4 4 4 \4‘ 43
-067 002] r w=4
(@) (b)

Figure 2. (a) 7,”and (b) y,” with t=1, e=10"" , along 6=n/4 for various o.
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In the second-order flow, the effect of & on 7% and y,?* is shown in Fig.
4(a) and Fig. 4(b), respectivelly. T,?* increases to a peak value then drops to
a steady temperature. This steady temperature and the magnitude of 7" are
independent of ¢. But as ¢ decreases, the steady temperature moves nearer
towards the wall. Each decrease of one decimal power, the distance is shortened
to V0.1 times the original distance. On the other hand, w7 also increases to
a peak value, then drops to a steady constant. Unlike 7/ , the magnitude
of peak and steady constant is determined by &, where for a decrease of one
decimal power, the magnitude of the peak and steady constant are 3.162 about
the previous magnitudes. Therefore, at smaller €, the changes of y,** is greater
near the wall but it approaches more rapid to steady state.

;
0 1 105 4 115 512 195 13
o i
03
0051
ks
g=10"
0.21 £=107
£=107? 0t} £=10"
e=107?
£=1071
011
0157
0
) 105 11 115 12771513 ]
r
(a) (b)

Figure 4. (a) 7,”* and (b) y,”* with =1, ®=2 , 0=n/4 along for various &.

The influence of ® are shown in Fig. 5(a) and Fig. 5(b) for 7% and y ",
respectively. It is noted that the increase of @ has the similar effect on both
temperature and stream function. The changes of flow at small are greater than
the changes of flow at large . This is because from equation (17) and equation
(18), T and y ** is inversely proportional to ® and ®'*, respectively, hence
any changes at small o is significant to the flow. As @ increases, the magnitude
of y * diminishes faster towards zero. However, in this second-order flow, ®
does not change the direction of magnitude but 0.

The overall inner region temperature 7' is plot for some ¢ in Fig. 6. is
warmer at upper pole and colder at bottom pole. It decreases in all angles for
the decrease in € from 10! to 1073. This is result of the dominance of first-order
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flow especially when ¢ is small. For smaller €, the magnitude of 7' experiences
a rapid drop near the wall and approaches steady temperature. Graph for
some values of € about w® is shown in Fig. 7. Due to the required boundary
condition, the inner stream function executes no flow at the vertical axis, but
it reaches a maximum value near the horizontal axis. ¥ decrease at all angles
as ¢ decrease. Besides, a very thin closed ring persists near the horizontal axis,
where the ring moves towards the wall as ¢ decrease.

v

044
w=2 1 105 11 115 a2 125 13
0 ;
bl e ‘
r
037
-0.005
0.2 w=4
-001
0.1 w=10
-0.015
0% 1.05 11 115 12 125 13 g0z
r
(a) (b)

Figure 5. (a) 7, and (b) y,”* with =1, =10 , along 6=n/4 for various o.
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0.0+ 0.000 —

051 000, 0000,

0.0 0.5 1.0 0.0 0.5 1.0 0.0 0.5 1.0

(a) (b) (©)
Figure 6. Isotherms of 7 with =1, ®=2 at (a) e=10" (b) =10 (c) =10
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The effect of ® is plotted in Fig. 8 for 77 and Fig. 9 for w@ . T diminishes
to a steady temperature faster at higher ®. The frequency has effect on the
direction of magnitude of 7, and this persisted as o increases. From Fig. 8(b),
a warmer cap is observed at the upper pole. This shows that the temperature is
slightly warmer near the upper vertical axis. However, the major shape of the
isotherms remains almost unchanged and the temperature distributes evenly at
all angles. This is due to the oscillation effect that heat and cool harmonically.
For stream function y@ , the magnitude decreases as ® increases. The vortex
ring that exists near the horizontal axis moves towards the wall and the shape
changes slightly. However, in oscillatory flow the stream function y becomes
steady at far enough from the wall.

Y

%
2,
N

T T
05 1.0

(b) (c)
Figure 7. Streamlines of y” with =1, ®=2 at (a) &=10" (b) &=10" (¢) =10~
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@ (b) ©
Figure 9. Streamlines of w® with =1, e=10"' at (a) ®=2 (b) ©=4 (¢) ®=10
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4.2 Flow in the outer region

Similar to the previous part, the outer temperature 7'” and stream function
w” are compared by considering different values of frequency @ and the
parameter € in which Ra=100. Due to the finite difference method used, the
boundary condition at the outer edge far from sphere must be regarded as finite
distance. In the present study, the maximum radial coordinate is set at =4 .

The temperature 7' is asymmetrical along the horizontal axis and
warmer at the upper pole. No temperature difference is observed along the
horizontal axis. Due to the expansion form for temperature 7% in equation
(19), the first-order temperature 7, is of order £° , hence any changes in this
parameter will not have significant effect on the temperature. Only stream
function w that is determined by ¢ as shown in Fig. 10 but the changes is
also not very observable. When ¢ decreases from 10! to 103, the magnitude
of w©” increases slightly but the flow pattern remain almost the same for all
€. @ is asymmetrical along the horizontal axis but due to the steady value
induced from the inner region, y/” executes a negative flow at area very close
to the wall. No flow is observed at the vertical axis and the magnitude of
increases until maximum at about =0.471 inclined from the vertical axis.

Fig. 11 and Fig. 12 shows the changes of 7 and y® respectively from
®=2 to ®=10. When o increases, the temperature 7' experience a decrease
magnitude at all angles. This observation agrees with the solutions obtained
from the inner region. A greater change in 7'” is observed near the top and
bottom of the sphere, where a thermal plum is

Fl

(b)
Figure 10. Streamlines of /¥ with ®=2 at (a) =10 (b) =102 (c) =10
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(@ (b) (©)
Figure 11. Isotherms of 7% with =10 at (a) ®=2 (b) ®=4 (¢) ®=10

formed. When o increases, the plume tends to be more parallel to the vertical
axis. It is observed that the changes of 7% due to the oscillatory temperature is
more confined near the vertical position about the sphere while the temperature
near horizontal position tends to be unaffected. 7% is also asymmetrical near
the horizontal axis. For the stream function, the magnitude of w@ also drops
as o increases and this is mainly due to the steady stream function that forms
the boundary condition near the inner edge. As seen from the figure, the flow
patterns are almost the same but the magnitude of decreases at both upper part
and lower parts of the sphere. The increase of w@ is found to be more rapid
for lower ®. And as o increases the fluid spread outward to the horizontal
direction.

1 4

? E] 3
(b) (c)
Figure 12. Streamlines of y with e=10"! at (a) ®=2 (b) ®=4 (c) ®=10
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5. CONCLUSION

The problem of oscillatory free convection around a sphere in a porous medium
has been studied. Other than constant temperature or heat flux problems, it is
worthwhile to consider for a sphere immersed in a porous medium and its
temperature oscillates harmonically over the surrounding temperature. The
matched asymptotic expansion is applied to solve the problem for Ra=100.
The solution at inner region has been found up to second-order steady term,
while the outer region is solved numerically using finite difference method. At
both inner region and outer region, the asymptotic expansions for temperature
and stream functions are written in the raising order of the parameter
e=KU/oR, .

Motivated by the separation method for second-order steady and
unsteady terms in [10], the similar method is applied to the spherical case.
Since only the steady terms that are important near the outer region or far from
the sphere, by neglecting the unsteady term, the solution is direct to the desire
result. At the inner region, it is found that near the outer edge a steady flow is
induced, and this agrees with the result obtained by [1, 10]. The condition at
the outer edge of this inner layer cannot be satisfied. Therefore, the boundary
conditions near the outer region must be matched with the boundary conditions
near the outer edge of the inner region. A steady temperature and a steady
stream function is found persisted at the outer edge of the inner region, and the
steady temperature is not able to satisfy the boundary condition.

The flows when Rayleigh number is 100 are compared in terms of
the parameter € and the frequency parameter ®. It is found generally that as
¢ decreases, the magnitude of temperature and stream function decreases and
the flows are likely to diminish near to the wall of the sphere. While for the
increase in frequency o, the temperature and stream function also tend to
drop and diminish near the wall. In the inner region, the magnitude of steady
temperature and steady stream function is determined by ®, and only the
magnitude of steady stream function that is determined by €. The unsteady
temperature field and stream functions near the inner region are found to be
different in terms of the flow pattern with the steady temperature and stream
function at the outer region.
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